HH B TAZER TS = UGS T SE 459~469 H(REI—HZ L)
Journal of the Chinese Society of Mechanical Engineers, Vol.39, No.5, pp 459~469 (2018)

A Method to Design a New Face Gear Drive
That Has a Predesigned Fourth Order Function
of Transmission Errors and Dimensionally
Controllable Contact Ellipses

Cheng-Kang Lee

Keywords : fourth order function of transmission
errors, face gear, tooth contact analysis,
contact ellipses, principal curvatures
and directions.

ABSTRACT

In terms of modern gear technology, the fourth
order function of transmission errors (FOFTE) has
been verified to be superior to a second order
function of transmission errors (SOFTE). A FOFTE
reduces noise levels and vibration. The motion curve
that is formed by a FOFTE is smoother than the
motion curve that is formed by a SOFTE.
Transforming a SOFTE to a FOFTE has become the
trend of research recently. This paper proposes a
method to manufacture and design a new face gear
drive that has a predesigned FOFTE and
dimensionally controllable contact ellipses. Firstly,
the position vectors, the unit normal vectors, the
principal curvatures and the principal directions of
the tooth faces of the new face gear drive are created
using coordinate transformation theory, the theory of
gearing and differential geometry. Secondly, the
mathematical models for the tooth contact analysis
and the mathematical model for the tangent slope of
the function of transmission errors are developed to
construct a system of eleven nonlinear equations. The
system of nonlinear equations is used to compel the
face gear drive to have the predesigned FOFTE.
Finally, an optimization model is created using a full
factorial design of experiment and Kriging
interpolation to control the averages of the major and
minor axes of the contact ellipses.
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INTRODUCTION

Gear mechanisms are used in industry to
transmit motion or torque between shafts.
Theoretically, the gear ratio for a pair of circular
gears is a constant. In reality, however, the gear ratio
is not a constant due to the elastic deformation of
materials, manufacturing errors, or assembly errors,
so the function of transmission errors is no longer a
horizontal zero line, in reality. If the function of
transmission errors is linear in each period, it is
referred to as a linear function of transmission errors.
The motion curve that is formed by a linear function
of transmission errors is not a continuous curve,
which causes serious noise and vibration. To address
this discontinuity in the motion curve, Litvin (1994)
proposed a methodology that uses a predesigned
second order function of transmission errors (SOFTE)
to absorb the linear function of transmission errors.
Using a SOFTE, the motion curve is transformed
from discontinuous to continuous and the running
noise and gear vibration are reduced. Based on
Litvin’s SOFTE methodology, many new gear drives
have been proposed (Litvin and Lu, 1995; Seol and
Litvin, 1996; Litvin and Kim, 1997; De Donno and
Litvin, 1999; Litvin et al., 2000; Litvin et al., 2002a;
Litvin et al., 2002b; Lee and Chen, 2004; Zanzi and
Pedrero, 2005; Lee, 2015).

Stadtfeld and Gaiser (2000) in the Gleason
Works reported that a fourth order function of
transmission errors (FOFTE) is superior to a SOFTE.
The motion curve formed by a FOFTE is smoother
than the motion curve formed by a SOFTE. Less
material must be removed for the tooth fillet for a
FOFTE than a SOFTE. Therefore, a FOFTE reduces
or eliminates gear noise and allows a strong tooth
fillet. Wang and Fong (2006) proposed a
methodology to synthesize tooth surfaces for a
face-milling spiral bevel gear set that has a
predetermined FOFTE. Lee (2009) proposed a
manufacturing process for a cylindrical crowned gear
drive that has a predesigned FOFTE. Peng et al.
(2016) proposed a manufacturing process for the
fabrication of ease-off surfaces for a face gear drive
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that features controllable unloaded meshing and local
bearing contact. Jiang and Fang (2015) proposed a
design of tooth surface modifications to reduce
vibration and noise for involute cylindrical gears that
are provided with a controllable higher order
polynomial function of transmission error. Li et al.
(2017) proposed a function-oriented form-grinding
approach to obtain excellent and stable contact
performance of cylindrical gears by designing
modification forms based on a predesigned
controllable fourth-order transmission error function
and error sensitivity evaluation.

The aim of this paper is to propose a method to
manufacture and design a new face gear drive that has
a predesigned FOFTE and dimensionally controllable
contact ellipses. To compel the face gear drive to
have the predesigned FOFTE, a system of eleven
nonlinear equations with eleven unknown parameters
are proposed. The eleven unknown parameters are
determined using Newton’s root finding method. To
control the dimensions the contact ellipses, an
optimization model is created based on a full factorial
design of experiment and Kriging interpolation.

THE MATHEMATICAL MODEL FOR
THE TOOTH FACE OF THE FACE
GEAR

The position and unit normal vectors of the tooth
face of the face gear

The face gear is generated using an involute
shaper. The involute shaper is generated using an
imaginary rack cutter. Figure 1 shows the profile L,

of the tooth face X, of the imaginary rack cutter.

Fig. 1. Profile L, of the tooth face X, of the
imaginary rack cutter

The coordinate  system S (o,;X.,Y,,Z,) IS
connected rigidly to X, . The position and unit
normal  vectors of X represented in
S, (0,;%,,Y,,2,) are:

J. CSME Vol.39, N0.5(2018)

zm . !
r, (w,v) =[T—mtana+vsma,—m+vcosa,w,l}
n, =[-cosa,sine,0]' .
1)
The tooth face X  of the imaginary rack cutter is
used to generate the tooth X of the involute shaper.

Figure 2 shows the coordinate systems for the
generation of X The coordinate system

S.(0,; X, Y,.,2z,) is connected rigidly to X_ . The
linear displacement of X, is p.¢, . The angular
displacement of X, is ¢,.. On X_, the tooth face

%, forms a family of surfaces {=¥}. The position
and unit normal vectors of {Zfs} represented in
S,(0; %,
WV, 4.) =M, (g)r, (wv),
{ni" (4.) =L, (g)n,.

The necessary condition for the existence of an
envelope for the family of surfaces {zf°} is the

y,.z,) are determined by

O]

following equation of meshing (Litvin, 1989):

n®(4)-[ or,” (w.v.4,)/0g, | = 0. @3)

Fig. 2. Coordinate systems for the generation of X,

The parameter v in Eq. (3) is represented by the
explicit function ¢, , as follows:

V(g,) =mseca +(—zm/ 4+ pg,)sina. 4
The position and unit normal vectors of X
represented in S, (0,;X,,Y,,2,) are obtained as:

{rs (wg) =1, (W v(8,). ). -
n,(¢) =n" ().

The tooth face X, of the involute shaper is used to
generate the tooth face X. of the face gear. Figure
3 shows the coordinate systems for the generation of

Y. . The coordinate system S (0q;X:,Yr.2:) is
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connected rigidly to X_ . The angular displacements
of £, and =_ are ¢, and ¢, respectively.

Pr =(N5/NF)(ps :isF(ps’ (6)
where N, and N_ are the number of teeth on the
involute shaper and on the face gear, respectively.

Py

Fig. 3. Coordinate systems for the generation of X_

On X_, the tooth face X, of the involute shaper

forms a family of surfaces {£? . The position and
unit normal vectors of {I7| represented in
S (0r i % Ve 26
{rF(S) (W1 ¢s’¢s) = MFs (¢s)rs (Wl ¢s)’
nl(:S)(¢s'€Ds) = LFS (q)s)ns (¢s)

The necessary condition for the existence of an
envelope for {2;”} is the following equation of
meshing (Litvin, 1989):

n® (g, 0.)-[ -9 (W, 8., 0,) /00, | = ®)

The parameter w in Eq. (8) is represented by the
explicit function of ¢, and ¢, as follows:

W (d,,@,) =—pr + p,cosasec(a—¢,+@,) i (9)

The position and unit normal vectors of X_

) are determined by

U]

represented in S (0g; X, Y,

{rF(¢s.¢s)=rF(S’(w(¢s,¢s),¢s.¢s),

nF (¢s 1 (Ds) = nl(:S) (¢s ! (05)
The principal curvatures and directions of the
tooth face of the face gear
The principal curvatures and directions of X_

can be determined using either differential geometry
or kinematics (Litvin, 1989). Kinematics is more
efficient than differential geometry because
kinematics determines the principal curvatures and
directions of X_ directly from the principal

curvatures and directions of X, and the kinematics
parameters of X and X_
quantities of the first and second kinds of X are
determined as follows:

z.) are obtained as:

(10)

The fundamental
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(or, /ow)- (o, /ow) =
(or,/ow)-(er, /o, ) =
(or,/og,)-(or,/og,),
n,-(8°r,/ow’) =
=n,-(0°r, [owdg, ) =0,
N, =n,-(dr,/04.).

The principal curvatures of X_ are determined by:
N

1)

E
F
G,
L
M

L
K =—z=0, K =G— (12)
The principal directions of X_ represented in
S,(0,;X,,Y,,z,) are determined by:
el =(or,/ow)/|or, /ow], i) =n, xe. (13)

The linear velocity of the origin o, and the angular
velocity of X, represented in S, (o,;X,,y,,2,) are:
=[0,0,0], @ =[0,0,-0,] . (14)

The linear velocity of the origin o. and the angular

(s)
VS

velocity of X,

are:

v =[0,0,0], 0 =[iz@,sing,, iz o, cosg,,0] .
(15)

to the origin

represented in S, (0,;X,, Y, Z)

The position vector from the origin o
0

S

(0:0,), =[-p,sing,, p, cosp,. p |- (16)
The relative linear and angular velocities of =, with

represented in S, (0;X,, Y, Z) is:

respect to X,
determined by

represented in S, (0,;X,,Y,,z,) are

v =v + 9l xr, —v — [(o 2)s +rJ
wgsF) — ws(s) _ws(F).
(17
The principal curvatures and directions of X
represented in S (0,;X,Y,,z,) are determined
using the following equations:
2 2
S, +S
P OO I Tk
3
(5) _ 1)
P _ @) _ S =S+ (7 — Ky
: ! s, c0s 25"
el =cosc™el) +sinag™ef, (18)
elf) =—sinc™el) +cosa™ef,
1. 2s;S
o™ =Ztan™ Z(S) o |
2 s7 -85+, (k) — &

where



_ (8) (,(SF) . als) (sF) (s)
s, =—" (v -e) + (N x @) e,
S, KIIS)(V(SF) eI(IS)s)+(n Xw(SF))'el(IS)s'
S, _V(SF) (n ><a)(sF)) KI(S)(V(SF) e(S))

Pl ol )]

—ns-{ws(s)x[a)f) ( +(0.0 ))}

THE MATHEMATICAL MODEL FOR
THE TOOTH FACE OF THE
CROWNED PINION

The position and unit normal vectors of the tooth
face of the crowned pinion

The crowned rack cutter is generated using a
specially designed grinding wheel. The axial profile
of the grinding wheel is designed using a
fourth-degree polynomial curve. Figure 4 shows the
axial profile L, of the grinding wheel.

Fig. 4. Axial profile of the grinding wheel

The coordinate system

S ( 9’ 9 yg’ 9) iS
connected rigidly to the grinding wheel. The
mathematical model of L, is represented in

g
Sy (041%,:Y,:2,) by

X, (U) u
= 4 3 2 : (19)
Y, (U) Au* +Bu®+Cu®*+Du+E
The tangent slope of L
y; (u) =4Au® +3Bu’ +2Cu + D, (20)
The tangent slope of L, at point ¢ must be equal
to cota. The profile L, must pass through three

is determined as follows:

points, a, b and c. The tangent slope of L, at
point a must be equal to h, . So, the five unknown
coefficients of L, are obtained as follows:

(a)(s) xT, )}

J. CSME Vol.39, N0.5(2018)

A a, 3, 3, a, 1 a,,
Bl [b, b bl b, 1| |b,
Cl=lcy" ¢ ¢ ¢ 1| | ¢, | (2D
D| |4a, 3a,° 2a, 0 h,
E| |4c, 3¢, 2c, 0| |cota

where
a, =(-zm/4)+mtana —¢,,

8y =Py tM,

b, =(zm/4)-mtana - ¢,
byg =py—M,

¢ = (—7m/2)+(zm/ 4)cos’ a,

Cy =P, —(7m/4)cosasina.
Rotating the axial profile L, about the axis of
revolution x; yields the revolving surface X, of
the grinding wheel. The position and unit normal
vectors of 3, represented in S, (0,:X,,Y,.Z,) are

obtained as:
r, (0,u) =[ u, y, (u)cos @, y, (u)sin 9,1}T ,

22
n, (0,u) = ! [—y;(u),cose,sine]T. (22)

NEXAODS

The revolving surface X, of the grinding wheel is
used to generate the tooth face X  of the crowned

rack cutter. Figure 5 shows the coordinate systems
for the generation of X_.

Fig. 5. Coordinate systems for the generation of X_

The coordinate  system

S ( c' clyc' c) iS
connected rigidly to X_. The revolving surface X,
has a parabolic motion with respect to =_. On X_,

the revolving surface X forms a family of surfaces
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{Z1}]. The position vector of {x7} represented in
S, (0%, Y, Z;) is determined by

R (0,u,17) =M, (7)1, (0, ), (23)
The necessary condition for the existence of an
envelope for {Z7} is:

—tané@
0) = .
n(6) 2

The position and unit normal vectors of X,

(24)

represented in S_(0,;X,,Y,.Z,) are obtained as:

r,(0.u)=r'2(6,u,n(0)),
{nc (@,u) =n,(0,u).

The tooth X of the crowned rack cutter is used to
generate the tooth face X of the crowned pinion.
Figure 6 shows the coordinate systems for the

generation of X . The coordinate system

(25)

S ( 01 X Y Z ) is connected rigidly to the
crowned pinion. The linear displacement of X_ is
p,9, - The angular displacement of X~ is ¢ . On
¥, the tooth face X  forms a family of surfaces

{Zf"}. The position and unit normal vectors of
{Zf"} represented in S ( 01 Xps Y Z p) are
determined by

{rp@ (0.u.4,) =M. (4,)r.(6.u),

(26)
ny’(6,u.¢,) = L. (¢,)n.(6,u).

Fig. 6. Coordinate systems for the generation of X

The necessary condition for the existence of an

envelope for {{*} is the following equation of

meshing:

Q(0.u,4,) =n(0,u,4,)-[or,(0.u.4,) /08, | =0
@7)

The parameter ¢, in Eq. (27) is represented by an

explicit function of ¢ and u as follows:

4,0, )_(mﬁ+2m

p
[42y, (u) + (—44p, +tan’ ) secA]y; (u)
+ .
42p,
The position and unit normal vectors of X

(28)

represented in S, (0,:X,.Y,,2,) are obtained as:
r,(0,u) =1, (0,u,4,(0,u)),

29
n, (0,u)=n® (6,u,4,(6,u)). =

The principal curvatures and directions of the
tooth face of the crowned pinion
The principal curvatures and directions of X

are also determined using kinematics. The
fundamental quantities of the first and second kinds
of X, are determined as follows:

[sec’ 0 -2y, (U)F’

E =(arc/a49)-(arc/ae)= YYE
F, =(or,/06)-(or, /ou) =
G, =(ar,/ou)-(or, /ou) =1+y, (u)?,
sec9-21y, (u)
L, =n, (o /007 )= 2o’ (30)
P ( r/ ) 21./1+yg(u)

M, =n, (o’ /o0ou) =
yg (U)

N0

The principal curvatures of X are determined by

N, =n,-(6°r,/ou*) =

c Lc c Nc
KI( ) =E—, KI(I) =G—. (31)

C C

The principal directions of X represented in
S, (04;X,,Y,,Z;) are determined by
el =(ar,/06)!|or, /06, e} =n, xel?. (32

II,c

The velocity of the origin o, and the angular

velocity of X, represented in S (0;X.,Y,,z,) are:
v =[-p,0,,0,0] , @ =[0,0,0] . (33)
The velocity of the origin o, and the angular

velocity of X represented in S (o,;X.,Y,.Z,)

are:
v =[0,0,0]", & =[0,0,-0, | . (34)
The position vector from the origin o, to the origin
o, representedin S_(0.;X., Y, Z,) is:

(0,00); = [~y —1,.0] . (35)
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The relative linear and angular velocities of = with
respect to X,
determined by
{vé“” =V + 0 xr, —vP — P

o™ =0 — .

represented in S (0,;X,,Y,,2,) are
x[(0,0). +1, |,

(36)
The principal curvatures and directions of X,

represented in S (0.;X,,Y,,Z,) are determined
using the following equatlons.

2
cZ+c
O O O Tl
3
® G —C+C(x” — &)
Ko —kie = ) '
C,C0s20
el? =coso™e(® +sino™e, (37)

el”) =—sinc™e +coso™e("),

2
foalad :Etanl( Clcz(c) (© j’
2 c1 —c +C, (" — )

where

C =~ (C) (V(CP) _e(C)) + (n ><w(m))_e(C)

Ic?

C, KHC)(V(Cp) eI(IC)c)+(n Xw(cp)) eI(IC)c’
c V(Cp) (n ><w(cu)) K(C)(V(Cp) e(C))

(C)(V(CP) e(C)) —nc'I:(wc(c)+0)ép))><(V§p)—Véc))]
—nc~{mc(°)x[a)c(p) ( +(0,0,), )]

THE MATHEMATICAL MODEL FOR
TOOTH CONTACT ANALYSIS AND
CONTACT ELLIPSE ANALYSIS

The condition of contact and the function of
transmission errors

Tooth contact analysis (TCA) technology can
be used to determine the contact paths on the tooth
faces, the function of transmission errors and the
contact ellipses (Litvin, 1994). Figure 7 shows the
coordinate systems for performing TCA.

Xy o

Fig. 7. Coordinate systems for performing tooth
contact analysis

(et

J. CSME Vol.39, N0.5(2018)

The coordinate system

Sy (073X, Yazy) s
connected rigidly to the gear housing. The tooth face

¥, of the crowned pinion is the driving face and the

tooth face X
The respective angular displacements of X = and

of the face gear is the driven face.

I, are o, and o, . The position and unit normal
vectors of X, represented in S, (0,;X,,Y,.Z,)
are determined by

' (0,u,0,) =M (c,)r,(6,u),
{nf‘p) (6,u,0,) =Ly (c,)n, (6,u),

The position and unit normal vectors of X_

(38)

represented in S, (0,5, Y,,Z,) are determined by

rf(F)(¢s’¢s’O-F) = MfF (GF)rF (¢s’¢s)l (39)
nf(F)(¢s'¢s’o-F): LfF (O-F)nF (¢51(05):

The condition of contact is represented as:
r'® (g, p,,0.)-r."(0,u,0,)=0,
f(F)(¢s 28 F) f (pf p) (40)
N (4, @5, 0:) Ny (e’ulap)zo'

There are five independent nonlinear algebraic scalar
equations with six unknown parameters in Eq. (40).
Using the theorem for the existence of an implicit
function system, the five independent algebraic scalar
equations are used to determine the following five
implicit functions:

{0(o,).u(o,). 4.(0,). 9. (0,), o (o)} (41)
The function of transmission errors is also
represented by a function of o, as:

(NN o, @

Ao =o0¢(0,)

The tangent slope of the function of transmission
errors

To produce the predesigned FOFTE, it is
necessary to control the slope of the function of
transmission errors. Using calculus, the tangent
slope of the function of transmission errors is:

h, =0 (5,)=(N,/N;). (43)
For any contact point, the inner product of
nP?(6,u,0,) and v (6,u,0,) iszero:
nP(6,u,0,)-v{*(6,u,0,) =0. (44)
The relative linear VP (O,u,0,) s
determined by:

VP O.,0,) = (do, dt) [k (@,) % RP O.u,0,)]

~(do /at) o' (@, )k (@) <RI (610,,05) |

(45)
Therefore, the tangent slope of the function of
transmission errors is determined by:

velocity
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hA(a’u’O-p'¢s’(ps’o-F) = O-F,(o-p)_(Np/NF)
B n{P (0,u,0,) [k (o,) xR (0,u,0,) ]
nP(0,u,0,)-[k{” (0. ) xR (4.0, 0¢) |

_(ND/NF)'

The major and minor axes and the direction of
contact ellipses

Because of the elasticity of the materials, the
theoretical contact point of the meshing tooth faces

¥, and X is spread over a contact area. The

projection of the contact area on the tangent plane is
an elliptical area if ~ and X_. are approximated

by their second order Taylor series expansions. The
elliptical area is called a contact ellipse. The bearing
contact is composed of a series of contact ellipses.
The center of symmetry of the contact ellipse
coincides with the theoretical contact point. The
major axis 2a , the minor axis 2b and the
orientation of the contact ellipse are determined using
the elastic approach & of the meshing surfaces and
the principal curvatures and directions of the meshing
surfaces (Litvin, 1994). The meshing surfaces are the
tooth face X of the crowned pinion and the tooth

(46)

face X_ of the face gear. The angle that is measured
counterclockwise from e to e is y and is
determined using the following equations:
—a® o) _ © (F)
COS'//_eI,f 'el,f _(prchel,c )‘(LfFLFseI,s )7
iny —e® .aF) _ Q) )
Slnl//_el,pf €yt —('—prpcer,E )'(LfFLFsen,s )
The angle that is measured counterclockwise from

e'” to the direction 7 is u and is determined
using the following equations:

(47)

CcOosS 2/,1 = 3 gl B gz cos 2(// —
(9; —20,9,c0s2y +4g,) )
sin2u = g, sin 2y

(9 —29,9, cos2y +9;)"*

The major and minor axes of the contact ellipse are
determined using the following equations:
2a=25/T,["*, 20 = 2|6/T,["*, (49)
where

1
T =2 K7 -7 = (0] - 20,9, cos 2y + 6)" |,

1
T, =, [ K" -« + (0] - 20,0, cos2y + ;)" |

(p) (p) (p)

— (F) (F) (F)
Ks ' =K +K“ y

s =kKOTK

_ (P (p) _ (F) (F)
0, =K —Ky Q=K "—K; .

K

PRODUCING THE PREDESIGNED
FOURTH ORDER FUNCTION OF
TRANSMISSION ERRORS

The proposed face gear drive can produce the
predesigned FOFTE as long as the design parameters,
&, & and h , of L, are determined by the

following method. Figure 8 shows the model of the
predesigned FOFTE.

a !

Ao
‘ (2= / -'V.r»j“ &)

2r/ s\f';,).e

Fig. 8. Model of the predesigned FOFTE

The middle curve of the predesigned FOFTE is
composed of two parts. The left part is from p, to

p, . The right part is from p, to p,. The
horizontal ~distance between p, and p, s
27N, . The slope of the FOFTE at p, is zero. For
p,, parameters ¢, U, 4, ¢, o, and o, are
respectively replaced by 6, u, ¢,, ¢,, ©
and o, , which are constrained by

O (g, 04.00) -1, (6,u,,0,,) =0,

n® (4, 04,001 ) -0 P (6,u,,0,) =0,

h(6,U;, 0,8, 04,0¢) =0, (50)
Gplz—(Zﬂ'/Np)S,

e =—=(N,/N.)(22/N, ).

For p,, parameters 6, u, 4., ¢, o, and o,

are respectively replaced by 6,, u;, d;, @,
and o, , which are constrained by

pl

Upa

rf(F)(¢s3,¢53,aF3)—rf(p)(ﬁz,u3,ap3)=0,
N7 (B iz 05 ) =N P (63,5, 0,5) =0,
Ops = (Zﬂ/Np)(l—g),

oy =—E+(N, /N )(27/N, ) (L-2).
Because |nf(F’|:|nf“”|:1, Egs. (50) and (51)

respectively contain six and five independent
nonlinear algebraic scalar equations. In other words,
Egs. (50) and (51) form a system of eleven nonlinear

equations with eight unknown parameters: 6,, u,,
83’ U3, ¢sl’

(51)

y @q and @ . The three design
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parameters &,, &, and h, for the profile L, of

the grinding wheel are added to the eight unknown
parameters to form a system of eleven nonlinear
equations with eleven unknown parameters as
follows:
F(6, Uy, 65,Us, By By @03, &40 6,0 D) =0,
i=12,..,11

(52)
The eleven unknown parameters are determined
using Newton’s root finding method. The initial
guess for the eleven unknown parameters is obtained
by solving the following optimization problem:

minY = S [F (T

X ={6,u,, G5 Uyy Doy Pogs Pots Pz €21 &y ha}'
Solving the optimization problem in Eq. (53) requires
the use of a meta-heuristic optimization algorithm. As
long as the design parameters &,, ¢, and h, are
determined by the system of eleven nonlinear
equations, the face gear drive can definitely and
precisely produce the predesigned FOFTE.

(83)

NUMERICAL EXAMPLES
Example 1
Example 1 verifies that the proposed

manufacturing and design method is feasible. Gear
module m is set to 10 mm. Pressure angle o is
set to 20 degrees. The numbers of teeth on the
crowned pinion, the shaper and the face gear are
respectively set to 19, 22 and 66. The parameter for
the parabolic motion of the grinding wheel, A, is set
to 0.001. The radius of the grinding wheel, p, , is set

to 40 mm. The proportion of the left part of the
predesigned FOFTE, ¢, is set to 0.7. The amplitude
of the predesigned FOFTE, &, is set to 10 arcsec. In

order to produce the predesigned FOFTE, the three
design parameters, ¢,, &,,and h,, for the profile

L, of the grinding wheel must be determined using

the system of eleven nonlinear equations. A
differential evolution algorithm, DE/rand/1/bin, is
used to solve the optimization problem in Eq. (53) to
obtain the initial guess for the eleven unknown
parameters. The solution to the optimization problem
is (-8.42472E-4, -6.34222, 4.22764E-3, -9.54734,
1.89304E-1, 1.98516E-1, -6.52967E-2, -7.93193E-2,
0.1, 0.5, 2.82514). The solution is used as the initial
guess for the eleven unknown parameters. Using
Newton’s root finding method to solve the system of

eleven nonlinear equations, the results for 6, u,,

93’ U3, ¢sl’ ¢s3’ (psl’ ¢33’ ga’ gb and ha
are 1.20887E-15, -6.21437, 5.79669E-3, -9.56288,
2.00065E-1, -5.60149E-2, 2.00065E-1, -7.90781E-2,
3.13387E-2, 3.41192E-1 and 2.84076, respectively.
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Apparently, the three design parameters, ¢,

a!
and h, , are also determined. Since all of the

parameters for the face gear drive are known, the face
gear drive is totally defined so the solid models for
the face gear drive are then created, as shown in
Figure 9.

&y

0 100

200(mm)

Fig. 9. Solid models for the crowned pinion and the
face gear

The actual form of the function of transmission errors
is as shown in Figure 10, where SP and EP

respectively represent the start point of contact and
the end point of contact.

(arcsec )

ADAVAVA

Aoy // 28—
20 S

_30 1 1 | 1 1

-0.6 -0.4 -0.2 0 0.2 0.4
o, (rad)
Fig. 10. Actual form of the function of transmission
errors

Obviously, the amplitude of the actual form of the
function of transmission errors is exactly the same as
the predesigned value of 10 arcsec. The shape of the
actual form of the function of transmission errors is
also exactly the same as that of the predesigned
FOFTE. Figures 11 and 12 show the contact paths
and the contact ellipses on X~ and X, ,

respectively. The elastic approach & between X,
and X. is set to 0.006 mm (Litvin, 1994). The
average for the major axes of the contact ellipses,
2a, is 6.593 mm. The average for the minor axes of
the contact ellipses, 2b, is 1.186 mm.
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Fig. 11. Contact path and contact ellipseson X,

0 5 10(mm)

Fig. 12. Contact path and contact ellipses on X

Example 2

Example 2 shows that 2a and 2b can be
controlled using parameters A and p,. Although

the explicit forms of %(A,pg) and %(}t,pg) are
difficult to obtain, the surrogate models \fzfa(l,pg)

of %(ﬂ,pg) and \f%(ﬂ,pg) of %(ﬂ,pg) are
easy to create. A full factorial design of experiment
and Kriging interpolation are used to create
Y. (4,p,) and Y5 (4,p,). Parameter A issetto5

levels: 0.001, 0.002, 0.003, 0.004 and 0.005.
Parameter p, is set to 7 levels: 40, 45, 50, 55, 60,

65 and 70. The total number of experiments is 35. For

each experiment, the values of 2a and 2b are
determined using the procedure that is shown in

example 1. Table 1 shows the values of 2a for the
35 experiments. Using Kriging interpolation and the
data in Table 1, the Kriging surrogate model

Y. (4,p,) is developed. The surface plot of
Y. (4,p,) isasshown in Figure 13.

Table 1. Values of 2a for the 35 experiments

Py 2a (mm)
(mm) A= A= A= A= A=
0.001 0.002 0.003 0.004 0.005
40 6.593 5.014 4.081 3433 2.938
45 6.571 4.968 4.012 3.342 2.824
50 6.549 4.920 3.941 3.247 2.705
55 6.526 4.871 3.867 3.149 2578
60 6.504 4.821 3.792 3.046 2.444
65 6.481 4.770 3.713 2938 2.300
70 6.457 4.718 3.633 2.824 2.145

4

Fig. 13. Surface plot of \f%(l,pg) created using
Kriging interpolation

Table 2 shows the values of 2b for the 35
experiments. Using Kriging interpolation and the data

in Table 2, the Kriging surrogate model \%(l,pg)

is created. The surface plot of \f%(i,pg) is as
shown in Figure 14.

Table 2. Values of 2b for the 35 experiments

Py 2b (mm)
(mm) A= A= A= A= A=
0.001 0.002 0.003 0.004 0.005
40 1186 1.188 1.187 1186 1.183
45 1186 1.188 1.187 1.185 1.182
50 1186 1.188 1.187 1.185 1.181
55 1186 1.188 1.187 1.184 1.179
60 1186 1.188 1.187 1.184 1.178
65 1186 1.188 1.187 1.183 1.175
70 1186 1.188 1.186 1.182 1.171

Fig. 14. Surface plot of \fsz(/l,pg) created using
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Kriging interpolation

The following optimization model is used to control
2a and 2b:

maxZ =Yz (4,p0,), st. Y. (4,p,) =L,. (54)
The optimization model in Eq. (54) means to
maximize Y (4,p,) subject to the constraint that

\%(/l,pg) is equal to the controlled value L, .
Three test cases are used to test the accuracy of
\f%(/l,pg) and %(A,pg).Forthe first test case, the
controlled value L, is setto 4 mm. For the second
test case, the controlled value L, is set to 5 mm.
For the third test case, the controlled value L, is set

to 6 mm. The results for \f%, \fsz, 2a and 2b
are shown in Table 3. As the predicted errors are

quite small, the surrogate models, \?Ta(l,pg) and

Y (4, p,), are sufficiently accurate.

Table 3. Comparison of the predicted and the realistic
values for 2a and 2b

Predicted Realistic Predicted
value value error

; oz Y. -2a

P 2a 22771 100%
(mm) (mm) 2a

4 4014184 0.3534%

5 4.,99985 0.003%

6 5.91691 1.4043%

; > Y. —2b

Ao 2b 2“1, 100%
(mm) (mm)
1.187267 1.187274 0.00059%
1.187968 1.187962 0.00051%
1.187125 1.187309 0.0155%

CONCLUSIONS

The manufacturing and design method is
proposed for the new face gear drive that has a
predesigned fourth order function of transmission
errors and dimensionally controllable contact ellipses.
Numerical example 1 verifies that the new face gear
drive can produce the predesigned fourth order
function of transmission errors. The bearing contacts
are localized in the middle region of the tooth faces.
So, there are no edge contact phenomena. Numerical
example 2 shows that the optimization model that
integrates a full factorial design of experiment and
Kriging interpolation can be used to control the
average of major axes of the contact ellipses and
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maximize the average of minor axes of the contact
ellipses. The systematic method proposed in this
paper can also be applied to develop other new gear
drives that have a predesigned FOFTE and
dimensionally controllable contact ellipses.
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