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ABSTRACT 

Fiber orientation is a key factor in determining 
the mechanical properties of injection molded 
composites. Therefore, accurate description of fiber 
orientation plays an important role in the performance 
evaluation of injection molded composites. The 
relationship between the effective thickness in the 
thickness direction and the probability density of the 
fiber orientation tensor is built up. Based on it, a 
smooth segmented linear function of fiber orientation 
is proposed to obtain the cumulative distribution 
function of fiber orientation tensor. Considering the 
asymmetry and non-monotonicity of the fiber 
orientation distribution, a de-asymmetry method is 
proposed. Compared with the experimental results in 
the literature, the cumulative distribution function has 
a good fit, and the experimental results correlate well 
with the elastic modulus obtained by the de-
asymmetry method. It could provide a reference basis 
for subsequent studies based on the thickness 
distribution of the fiber orientation tensor. 

INTRODUCTION 

With low specific gravity and high specific 
strength and modulus, composites exhibit excellent 
mechanical properties and processability. And fiber 
reinforced composites have higher impact resistance, 
strength, stiffness, enhanced creep and fatigue 

resistance compared to short-fiber materials 
(Truckenmüller and Fritz, 1991; Wang et al,2022; Liu 
et al, 2022). Among such materials, long fiber-
reinforced thermoplastics (LFTs) are more widely 
used in structural weight reduction, which are 
composed of a thermoplastic polymer matrix and a 
discontinuous fiber reinforcement base exceeding a 
critical fiber length-to-diameter ratio (Ning et al., 
2019). The injection molding equipment can be used 
for the production of LFTs with minor modifications, 
thus LFTs presenting low-cost characteristics 
compared to other composites. These advantages 
make LFTs one of the most advanced lightweight 
engineering materials. 

For LFT products, the main factors affecting the 
mechanical properties include the retention length of 
the fibers, the orientation state of the fibers, and the 
distribution density of the fibers (fiber volume fraction) 
in the part. What’s more, fiber volume fraction can be 
artificially controlled. Therefore, it is important to 
analyze the retention length and orientation state of 
fibers to study the mechanical properties of LFT.  

Since the birth of composite materials, their 
microstructure has been continuously studied and the 
internal structure of composite products has been 
observed with the help of techniques such as scanning 
electron microscopy (SEM) and x-ray computed 
tomography (uCT) (Friedrich, 1998; Hessman et al., 
2019; Chang et al., 2020; Laspalas et al., 2008). And 
image-based methods for microstructure reduction and 
analysis of composite materials have been developed 
and improved over the decades. There has also been 
some progress in research on fatigue (Kebir, T., et al, 
2021; Viana, C.O., et al, 2021). 

In general, it is believed that LFTs exhibit a shell-
core-shell three-layer sandwich structure along their 
thickness direction. And the fiber orientation changes 
gradually from the core region to the shell region. It 
has also been suggested that LFTs exhibit a five-layer 
sandwich-type structure of skin-shell-core-shell-skin 
along their thickness direction (Tseng et al., 2020). 
Although the structural forms of the described 
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composites are largely consistent when the 
fundamentals are explored. 

Based on the layered structure of the composite 
material observed by scanning electron microscopy 
technique, as shown in Figure 1(a) for the thin plate 
injection molding structure model, the layered 
structure of the injection molded composite material is 
generally considered to be symmetrical along the 
center of the thickness in theory. In Figure 1(a), t refers 
to the thickness of the composite specimen, tc refers 
to the thickness of the core region, and ts refers to the 
thickness of the shell region. For the convenience of 
representation, the ratio of the thickness of the core 
region to the thickness of the specimen (ℎc) and the 
ratio of the thickness of the shell region to the 
thickness of the specimen (ℎs) are used to denote the 
structural properties as follows: 

 �
ℎc = tc t⁄
ℎs = ts t⁄
ℎc + ℎs = 1

 (1) 

THEORETICAL FRAMEWORKS 

Fiber Orientation Tensor 
 The fiber orientation state of discontinuous fiber 

reinforced material can be described by the fiber 
orientation tensor defined by Advani and Tucker 
(Advani and Tucker, 1987). For a single fiber, 
considered as a rigid cylindrical rod, the spatial state is 
described by a unit vector 𝑝𝑝 . Previous authors 
described this unit vector in terms of three Euler angles. 
Advani and Tucker reduced it to two variables, as 
shown in Figure 1(c). And the final expression for the 
unit vector 𝑝𝑝 is given by: 

 𝑝𝑝 = �
cos𝜃𝜃

sin𝜃𝜃 cos𝜙𝜙
sin𝜃𝜃 sin𝜙𝜙

� (2) 

 Considering all fibers in the study area, all 
possible orientations of these fibers constitute a 
probability space 𝜓𝜓 , which is named the probability 
density function (PDF) 𝜓𝜓(𝑝𝑝) . It indicates the 
probability of the fibers in the orientation taken. For 
the whole probability space, the sum of all fiber 
orientation possibilities is 1, which corresponds to the 
mathematical form ∮𝜓𝜓(𝑝𝑝)d𝑝𝑝 = 1 , called the 
normalization requirement. 

Defining the unit vector 𝑝𝑝  based on the 
orientation space and vector for the fiber orientation 
tensor 𝐴𝐴 , which is used to describe the numerical 
calculation of the fiber orientation theoretical model in 
engineering applications. 𝐴𝐴  is a symmetric second-
order tensor with a trace of 1 and 𝐴𝐴 = ∮𝜓𝜓(𝑝𝑝)𝑝𝑝𝑝𝑝d𝑝𝑝. 
Using the tensor representation, it can be expressed as: 

 𝐴𝐴𝑖𝑖𝑖𝑖 = �𝜓𝜓(𝑝𝑝)𝑝𝑝𝑖𝑖𝑝𝑝𝑖𝑖d𝑝𝑝 (3) 

 

Figure 1 Thin plate injection molding structure model 
and fiber orientation schematic 

denoted as 𝐴𝐴𝑖𝑖𝑖𝑖 = 〈𝑝𝑝𝑖𝑖𝑝𝑝𝑖𝑖〉, which represents the average 
amount in a certain volume region. The second-order 
tensor 𝐴𝐴 has nine components to describe fibers at a 
certain location. When discussing the results of fiber 
orientation of a standard block or some other simple 
geometry of injection molded parts, it is generally 
considered that subscript 1 represents the flow 
direction, subscript 2 represents the lateral direction of 
flow, and the subscript 3 represents the thickness 
direction. And the corresponding fiber orientation 
tensor is 𝐴𝐴11,𝐴𝐴22,𝐴𝐴33.The magnitude of the value of 
A𝑖𝑖𝑖𝑖  represents the degree of fiber orientation in this 
direction, and a larger value indicates that the fibers 
tend to be more aligned in this direction, while a 
smaller value indicates that they tend to be less aligned. 
When its value is 1, the fibers are perfectly neatly 
aligned. Figure 1(b) represents the values of the fiber 
orientation tensor taken for different fiber orientation 
states. 

In the past decades, some theoretical models of 
suspension rheology have been proposed to predict the 
fiber orientation distribution. The general form of 
ellipsoidal particle orientation in Newtonian fluids 
under the action of the flow field was proposed (Jeffery, 
1922), which is generally known as Jeffery model. 
And this model was the origin for the study of fiber 
orientation, but the particles of this model are more 
easily oriented than the actual situation. Subsequently, 
the interaction factor to describe the effect of 
interaction between fibers on fiber orientation was 
introduced to Jeffery model. The Folgar-Tucker model 
(F-T model) which was proposed (Folgar and Tucker, 
1984), which is the first widely accepted and adopted 
model for fiber orientation. And the evolution of fiber 
orientation based on this model is faster than the actual 
one. Therefore, the Phelps-Tucker model was 
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proposed (Phelps and Tucker, 2009), considering the 
anisotropic rotational diffusion property. Then the 
iARD model was proposed (Tseng et al., 2016). 
Meanwhile, to reduce the kinetic evolution of fiber 
orientation, an external flux was introduced to the F-T 
model to stunt the fiber evolution and proposed the 
Reduced Strain Closure (RSC) model (Wang et al., 
2008). And the image-only assumption of Intrinsic 
orientation dynamics (IOK) applied to describe the 
interaction between glass fibers and resin matrix and 
the RPR model was proposed. After that, the ARD-
RSC (anisotropic rotary diffusion and reduced strain 
closure) model and the iARD-RPR (improved 
anisotropic rotary diffusion and retarding principal 
rate) models have also been proposed (Tseng et al., 
2016). These advanced theoretical models have 
effectively contributed to the progress of fiber 
orientation prediction work. 

 
Fiber Orientation Distribution Function 

To date, there are many works of literatures 
discussion on PDFs in fiber orientation. And in recent 
years, a comprehensive review of typical fiber 
orientation distribution functions has been presented 
(Mishurova et al., 2018), among others. 

A one-parameter exponential function was used 
to characterize the fiber orientation distribution in thin 
plate specimen pieces (Chin et al., 1988), and it is 
given as: 

 
𝑝𝑝(𝜃𝜃; 𝜆𝜆) =

𝜆𝜆𝑒𝑒−𝜆𝜆𝜆𝜆

1 − 𝑒𝑒−
𝜆𝜆𝜆𝜆
2

;  0 ≤ 𝜃𝜃min ≤ 𝜃𝜃

≤ 𝜃𝜃max ≤
𝜋𝜋
2

 
(4) 

Then, a combined function of Gaussian and 
triangular distributions was proposed to fit the 
distributions obtained from quantitative image 
analysis of SEM pictures (Lu and Liaw, 1995). 

And a fiber orientation distribution function 
(Pettermann et al., 1997) was assumed as: 

 𝑝𝑝(𝜃𝜃; 𝜆𝜆) = 𝑒𝑒−
𝜆𝜆2
2𝜆𝜆2 (5) 

Subsequently, shape parameters were used to 
describe the shape of the distribution curve with a two-
parameter fiber orientation distribution function as (Fu 
and Lauke, 1998): 

 
𝑝𝑝(𝜃𝜃) =

(sin 𝜃𝜃)2𝛼𝛼−1(cos𝜃𝜃)2𝛽𝛽−1

∫ (sin 𝜃𝜃)2𝛼𝛼−1(cos𝜃𝜃)2𝛽𝛽−1d𝜃𝜃𝜆𝜆max
𝜆𝜆min

; 0 ≤ 𝜃𝜃min ≤ 𝜃𝜃

≤ 𝜃𝜃max ≤
𝜋𝜋
2

 
(6) 

where, 𝛼𝛼, 𝛽𝛽 are shape parameters. 
In 2000, considering the transversely isotropic 

orientation distribution of cracks, a fiber orientation 
distribution function of the following form was 
suggested (Sevostianov and Kachanov, 2000): 

 𝑝𝑝(𝜃𝜃; 𝜆𝜆) =
1

2𝜋𝜋
�(𝜆𝜆2 + 1)𝑒𝑒−𝜆𝜆𝜆𝜆 + 𝜆𝜆𝑒𝑒−

𝜆𝜆𝜆𝜆
2 � (7) 

Equation (7) was later used to calculate the 
viscoelastic properties of short fiber reinforced 
composites (Sevostianov et al., 2016). 

Clearly, these proposed typical fiber orientation 
distribution functions with only one waveform are not 
suitable for describing multiple wave forms resulting 
from sandwich-type layered microstructures of fiber 
orientation. And the current fiber orientation models 
cannot provide sufficiently accurate results. The 
following method will be proposed to apply to the 
multi-wave distribution. 

 
Fiber Orientation Tensor Distribution Function 

By analogy with the fiber orientation distribution 
function, this paper attempts to obtain the PDF of the 
fiber orientation tensor by starting from the cumulative 
distribution function (CDF) of the fiber orientation 
tensor 𝐴𝐴𝑖𝑖𝑖𝑖 . From this, the average fiber orientation 
tensor is obtained, and the mechanical properties of 
injection molded composites are predicted by 
homogenization methods.  

The variation of the effective thickness 𝑧𝑧 in the 
thickness direction is considered to be proportional to 
the probability density of the fiber orientation tensor, 
with the following relationship: 

 d𝑧𝑧
t

= 𝑝𝑝(𝐴𝐴𝑖𝑖𝑖𝑖)d𝐴𝐴𝑖𝑖𝑖𝑖 = 𝑃𝑃(𝐴𝐴𝑖𝑖𝑖𝑖 + 𝑑𝑑𝐴𝐴𝑖𝑖𝑖𝑖) − 𝑃𝑃(𝐴𝐴𝑖𝑖𝑖𝑖) (8) 

 d𝑧𝑧 = 𝑧𝑧(𝐴𝐴𝑖𝑖𝑖𝑖 + 𝑑𝑑𝐴𝐴𝑖𝑖𝑖𝑖) − 𝑧𝑧(𝐴𝐴𝑖𝑖𝑖𝑖) (9) 
where 𝑝𝑝(𝐴𝐴𝑖𝑖𝑖𝑖) and 𝑃𝑃(𝐴𝐴𝑖𝑖𝑖𝑖) refer to the PDF and CDF of 
the fiber orientation tensor, respectively. And 𝑧𝑧 refers 
to the position in the thickness direction, t refers to the 
total thickness of the sheet. A large number of data 
samples are usually required for analyzing PDFs. For 
example, to measure the fiber length distribution, a 
fiber sample of 2000 is given in the literature (Sharma 
et al., 2017). In contrast, smaller data is needed using 
the CDF. 

The form of the distribution of the fiber 
orientation tensor along the thickness has shown in 
Figure 1(b), which can be approximated as a 
segmented linear function. In order to establish a good 
relationship between the segmented linear 
approximation function and the CDF, the segmented 
linear function is smoothed, which means that the 
experimentally obtained data are arranged from 
smallest to largest and the probability cumulative 
function is expressed in terms of the proportion of the 
occupied thicknesses according to the idea of Equation 
(8) and Equation (9). The specific steps are as follows: 
a) Combining the parts of the shell section close to 

the surface with the same tensor of its fiber 
orientation, which in fact means combining the 
proportion of the thickness occupied by the same 
tensor. This results in a change in the form of the 
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distribution of the fiber orientation tensor, as 
shown in Figure 2(a).  

b) Since the distribution of the fiber orientation 
tensor is theoretically symmetric, analyzing its 
negative proportional thickness part, the 
rearranged fiber orientation distribution is 
continuous, i.e., the first-order derivative of the 
CDF in Equation (8) is continuous. And the trend 
of the CDF can be established accordingly, as 
shown in Figure 2(b). 

 

Figure 2 Processing for part of positive thickness 
ratio schematic 

A generalized distribution function (GDF) was 
proposed for the fiber orientation distribution to fit 
data in the form of a double wave peak (Huang and 
Zhao, 2020). Extending its form to the fiber orientation 
tensor, taking 𝐴𝐴11 as an example, the lower the value 
of the fiber orientation tensor compared to the 
independent variable 𝜃𝜃, the greater the angle of fiber 
orientation state, the more difficult it is to orient in the 
flow direction. It means that the generalized 
distribution function of the fiber orientation tensor has 
changed, and its expression is: 

𝑃𝑃(𝐴𝐴11) = (1 − ℎ𝑠𝑠)
1 − exp �−�𝐴𝐴11 − 𝐴𝐴min

𝐴𝐴𝑐𝑐
�
𝛼𝛼𝑐𝑐
�

1 − exp �− �𝐴𝐴max − 𝐴𝐴min
𝐴𝐴𝑐𝑐

�
𝛼𝛼𝑐𝑐
�
 (10) 

+ℎ𝑠𝑠
exp �− �𝐴𝐴max − 𝐴𝐴11

𝐴𝐴𝑠𝑠
�
𝛼𝛼𝑠𝑠
� − exp �− �𝐴𝐴max − 𝐴𝐴min

𝐴𝐴𝑠𝑠
�
𝛼𝛼𝑠𝑠
�

1 − exp �− �𝐴𝐴max − 𝐴𝐴min
𝜃𝜃𝑠𝑠

�
𝛼𝛼𝑠𝑠
�

 

And the PDF which corresponds Equation (10) is: 
𝑝𝑝(𝐴𝐴11)

= (1 − ℎ𝑠𝑠)

𝛼𝛼𝑐𝑐
𝐴𝐴𝑐𝑐
�𝐴𝐴 − 𝐴𝐴min

𝐴𝐴𝑐𝑐
�
𝛼𝛼𝑐𝑐−1

exp �− �𝐴𝐴 − 𝐴𝐴min
𝐴𝐴𝑐𝑐

�
𝛼𝛼𝑐𝑐
�

1 − exp �−�𝐴𝐴max − 𝐴𝐴min
𝐴𝐴𝑠𝑠

�
𝛼𝛼𝑐𝑐
�

 

+ℎ𝑠𝑠

𝛼𝛼𝑠𝑠
𝐴𝐴𝑠𝑠
�𝐴𝐴max − 𝐴𝐴

𝐴𝐴𝑠𝑠
�
𝛼𝛼𝑠𝑠−1

exp �− �𝐴𝐴max − 𝐴𝐴
𝐴𝐴𝑠𝑠

�
𝛼𝛼𝑠𝑠
�

1 − exp �− �𝐴𝐴max − 𝐴𝐴min
𝐴𝐴𝑠𝑠

�
𝛼𝛼𝑠𝑠
�

 

(11) 

similarly, where 𝐴𝐴max and 𝐴𝐴min are the maximum and 
minimum values of the experimental data respectively. 
and the shape parameters 𝛼𝛼c, 𝛼𝛼s and scale parameters 
𝜃𝜃c, 𝜃𝜃s  and ℎs  are the fit parameters. 𝛼𝛼c, 𝛼𝛼s, 𝜃𝜃c, 𝜃𝜃s 
are positive and 0 < ℎs < 1 . An opposite trend is 
shown for the tensor 𝐴𝐴11 and 𝐴𝐴22 at the same position. 
Thus, the ℎs in the Equations (10) and (11) should be 

changed to ℎc when the fitted objects are 𝐴𝐴22. 
 
De-asymmetry Method for Fiber Orientation 
Tensor 

It is theoretically assumed that the variation of 
fiber orientation is distributed strictly symmetrically 
along its thickness center. In practice, however, the 
fiber orientation tensor is known to have a distribution 
that is not strictly symmetric. What’s more, the 
variation of fiber orientation tensor in each layered 
structure is not monotonically varying. Based on the 
previous, the de-asymmetry method is proposed to 
better represent the relationship between the variation 
of the effective thickness t in the thickness direction 
and the probability density of the fiber orientation 
tensor. 

The de-asymmetry method aims to reduce the 
influence of the approximately symmetric distribution 
and non-monotonic variation of fiber orientation on 
the final predicted elastic modulus, which is divided 
into two main categories: first, the experimental fiber 
orientation data are divided into two groups by the 
thickness of the center to avoid the influence of the 
symmetric distribution, and the results are fitted 
separately and then averaged; second, all the 
experimental data are arranged from small to large 
according to the idea of Equations (8) and (9). The 
cumulative distribution is used to fit the CDF of fiber 
orientation. These two types of methods are discussed 
below. 

Method 1: Dividing the fiber orientation data into 
two groups from the thickness proper. 

In this method, the form of the data to be 
processed is shown in Figure 3 and is divided into two 
main forms. Case 1 is the asymmetry (or approximate 
symmetry) due to the variation of fiber orientation at 
the outer boundary of the shell layer. And Case 2 is the 
certain repetition due to the non-monotonic variation 
of fiber orientation. In this method, it is assumed that 
the variation of the fiber orientation tensor is linear, i.e., 
the distribution of the fiber orientation tensor 
conforms to a multi-segment linear function. In a 
matter of fact, it is also possible to express the 
variation of the fiber orientation tensor by some other 
functions. 

Case 1 is shown in the left part of Figure 3(a), the 
isometric distribution of five data points A to E 
simulates the shell distribution, L denotes the 
transverse coordinate span from point A to point E, and 
Li(i = 1,2, … ,7)  denotes the transverse coordinate 
span of each segment, then the probability of the fiber 
orientation tensor is expressed as: 

 

⎩
⎨

⎧
𝑃𝑃1 = 𝑃𝑃(A, E) = L1 L⁄              
𝑃𝑃2 = 𝑃𝑃(E, B) = (L2 + L7) L⁄
𝑃𝑃3 = 𝑃𝑃(B, D) = (L3 + L6) L⁄
𝑃𝑃4 = 𝑃𝑃(D, C) = (L4 + L5) L⁄

 (12) 

The cumulative distribution of the fiber 
orientation after processing is shown in the right part 
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of Figure 3(a).  
Case 2 shown in the left part of Figure 3(b), The 

four points F to I of the isometric distribution simulate 
a non-monotonic distribution, L′  denotes the 
transverse coordinate span from point F to point I, and 
Li(i = 8, 9, … , 12)  denotes the transverse coordinate 
span of each segment, then the probability of the fiber 
orientation tensor is expressed as: 

 �
𝑃𝑃5 = 𝑃𝑃(F, H) = L8 L′⁄                             
𝑃𝑃6 = 𝑃𝑃(H, G) = (L9 + L10 + L11) L′⁄
𝑃𝑃7 = 𝑃𝑃(G, I) = L12 L′⁄                            

 (13) 

Similarly, the corresponding probability 
cumulative distribution form can be obtained as shown 
in the right part of Figure 3(b). 

Method 2: Summarizing all fiber orientation data. 
In this method, all fiber orientation data are 

pooled together, and resolving the discrepancy along 
the thickness median approximation symmetry, as the 
main need, similar to the processing in Method 1. In 
addition, there is quite an increase in computational 
volume compared to Method 1. 

 

Figure 3 Two forms of distribution for data 

RESULTS AND DISCUSSION 

Cumulative Distribution Function for Fiber 
Orientation Versus Data 

Compared to short-fiber reinforced 
thermoplastics, long-fiber reinforced thermoplastics 
have a wider core region and are more difficult to bias 
into alignment with the flow direction (Phelps, 2009).  
A series of long fiber reinforced thermoplastic fiber 
orientation tensor data measured by Phelps is used to 

test the effect of the de-asymmetry method on the 
fitting results. The values of the fiber orientation 
tensor 𝐴𝐴11 of the experimentally long fiber-reinforced 
thermoplastics are uniformly distributed in the 
direction of their thickness and in a total number of 21. 
The macroscopic properties of the material are given 
in Table 1 for all samples, and more details can be 
found in the literature. The experimental data are 
arranged from smallest to largest according to the 
method in the previous section, and the comparison 
between the experimental data before and after 
correction and the distribution function is shown in 
Figure 4. 

It can be observed from Figure 4 that there is a 
good fit between the experimental data processed 
according to the de-asymmetry method and the CDF, 
and the corrected fit is also good. R-square is a 
parameter that indicates the goodness of fit, and SSE 
refers to Sum of Squared Error. The closer R-square is 
to 1 or SSE is to 0, the better the result. Thus, both R-
square and SSE show a better result than those in the 
literature (Huang and Zhao, 2020). Two large changes 
in the slope of the CDF are evident in the form of the 
experimental data distribution, corresponding to the 
two peaks of the probability distribution function of 
the fiber orientation tensor. 

Table 1 Material and geometry of LFT samples. 

Prediction for Elastic Modulus Versus Experiment  
In this section, the prediction of LFT elastic 

modulus based on fiber orientation distribution 
function and fiber length distribution and the accuracy 
of its comparative experimental results are 
investigated. The mechanical properties of the 
material are shown in Table 2. Two specimens, the 
center-gated disk and the ISO -plaque, were fabricated 
by injection molding, and more details are in the 
literature (Nguyen et al., 2008). 

The performance of materials is usually affected 
by a variety of factors (Ge et al.,2021; Liang et al., 
2021; Mao et al., 2021; Tong et al., 2019). According 
to the literature (Tucker and Liang, 2001; Budarapu et 
al., 2019; Alazwari, 2021; Devanathan et al., 2020; 
Zhang et al., 2019; Zhu et al., 2020; Keshtegar et al., 
2021; Wang et al., 2021), 

Sample ID Material Geometry 

PNNLAS3I MTIPP40G 90 mm long × 80 mm wide ISO 
plaque 

PNNLBF3D MTI PP30C 180 mm diameter disk 
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Figure 4 Cumulative distribution function for orientation tensor of samples via Method 1 and 2 

some models and methods are described. Usually, the 
prediction of the elastic modulus of LFT materials 
requires homogenization, which is generally 
calculated from the mean value of the fiber length and 
fiber orientation properties. Therefore, the prediction 
of the elastic modulus of LFT materials is divided into 
two main steps, first considering the elastic modulus 
of the material when the fiber length is aligned 
unidirectionally to the fibers, and then considering the 
elastic modulus when the fibers have the actual 
orientation state. The specific steps are described 
below. 

Table 2 Mechanical properties of materials for 
injection molded composites components 

Material Diameter 
(um) 

Elastic 
modulus 

(GPa) 

Poisson 
ratio 

Volume 
fraction 

(%) 
PP / 1.5 0.4 80.8 

Glass 
fiber 17.4 73 0.25 19.2 

 
The stiffness matrix of a unidirectional fiber 

composite considering the fiber length distribution is 
expressed as： 

 𝐶𝐶𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖 =
∫ 𝐶𝐶𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖∗ (𝑙𝑙 𝑑𝑑⁄ )𝑝𝑝(𝑙𝑙)d𝑙𝑙∞
0

∫ 𝑝𝑝(𝑙𝑙)d𝑙𝑙∞
0

 (14) 

where, 𝐶𝐶𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖∗ (𝑙𝑙 𝑑𝑑⁄ )  refers to the stiffness matrix of a 
unidirectionally aligned fiber composite at a fiber 
aspect ratio of 𝑙𝑙 𝑑𝑑⁄ , 𝑝𝑝(𝑙𝑙) refers to the PDF of the fiber 
length, which can be expressed in terms of the number-
average fiber length or weight average fibers length. 
In general, since the fiber weight distribution is 
proportional to the volume, and the process of finding 
the mean of the length distribution is essentially the 
mean of the volume. 

In this section, the weight distribution of the fiber 
length is used. And 𝐶𝐶𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖∗ (𝑙𝑙 𝑑𝑑⁄ )  is calculated by The 
Eshelby-Mori-Tanaka method proposed in the 
literature (Camacho et al., 1990; Taya and Mura, 1981). 

For fiber length calculation, the two-parameter 
Weibull distribution was chosen to find the average 
fiber length. The expressions are: 

 𝑝𝑝(𝑙𝑙) =
𝑐𝑐
𝑏𝑏
�
𝑙𝑙
𝑏𝑏
�
𝑐𝑐−1

𝑒𝑒−�
𝑖𝑖
𝑏𝑏�

𝑐𝑐

 (15) 
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Figure 5 Cumulative distribution function for orientation tensor of center-gated disk and ISO-plaque via Method 

1 and 2

where 𝑙𝑙  refers to the fiber length and 𝑏𝑏, 𝑐𝑐  are the 
shape parameters. 

Subsequently, the orientation averaging method 
was applied to calculate the stiffness matrix of the 
composite in the actual fiber orientation state 
(Camacho et al., 1990), with the expression:  

 
�̅�𝐶𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖 = 𝐵𝐵1𝐴𝐴𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖 + 𝐵𝐵2�𝐴𝐴𝑖𝑖𝑖𝑖𝛿𝛿𝑖𝑖𝑖𝑖 + 𝐴𝐴𝑖𝑖𝑖𝑖𝛿𝛿𝑖𝑖𝑖𝑖� 

+𝐵𝐵3�𝐴𝐴𝑖𝑖𝑖𝑖𝛿𝛿𝑖𝑖𝑖𝑖 + 𝐴𝐴𝑖𝑖𝑖𝑖𝛿𝛿𝑖𝑖𝑖𝑖 + 𝐴𝐴𝑖𝑖𝑖𝑖𝛿𝛿𝑖𝑖𝑖𝑖 + 𝐴𝐴𝑖𝑖𝑖𝑖𝛿𝛿𝑖𝑖𝑖𝑖� 
+𝐵𝐵4𝛿𝛿𝑖𝑖𝑖𝑖𝛿𝛿𝑖𝑖𝑖𝑖 + 𝐵𝐵5�𝛿𝛿𝑖𝑖𝑖𝑖𝛿𝛿𝑖𝑖𝑖𝑖 + 𝛿𝛿𝑖𝑖𝑖𝑖𝛿𝛿𝑖𝑖𝑖𝑖� 

(16) 

where the parameters 𝐵𝐵𝑖𝑖(𝑖𝑖 = 1,2, … ,5)  refer to the 
invariant of the unidirectional arrangement of the 
transverse isotropic composite stiffness matrix, which 
is given in the literature (Camacho et al., 1990).  

Table 3 Number-average and weight-average lengths 
determined from the Weibull’s distributions versus 

those determined from data. 

 𝐿𝐿�n(mm) 𝐿𝐿�nweib(mm) 𝐿𝐿�w(mm) 𝐿𝐿�wweib(mm) 
IOS-plaque 1.04 1.05 1.83 1.71 

Center-gated disk 1.33 1.34 2.18 2.28 
 
Table 3 extracted from the literature (Nguyen et 

al., 2008) give the experimental number and weight 
mean lengths and the number and weight mean lengths 

obtained by fitting the two-parameter Weibull 
distribution, and it can be seen that the fitted mean 
values are very close to the experimental values and 
can effectively represent the fiber length distribution. 
However, some of the details of the variations still do 
not fit well.  

Figure 5 shows the fitted curves obtained 
according to the de-asymmetry method, and it can be 
seen that the corrected experimental data fit the fitted 
function very well. SSE=0.01655, R-square=0.9914 
for center-gated disk and SSE=0.01478, R-
square=0.9923 for ISO-plaque in the fit results of 
unprocessed data. It is clear that the de-asymmetry 
method performs even better. What’s more, Method 2 
outperformed Method 1 in the center-gated disk data, 
while Method 1 outperformed Method 2 in ISO-plaque 
data. The average values of the fiber orientation tensor 
obtained from the function are shown in Table 4. 

The stiffness matrix of the composite specimens 
was calculated using micromechanical modeling 
software. And the two-parameter Weibull distribution 
based on the fiber length and the generalized 
distribution function of the fiber orientation tensor 
predict the elastic modulus of the center-gated disk and 
IOS-plaque (𝐸𝐸�11,𝐸𝐸�22), as shown in Tables 5 and 6. 



 
J. CSME Vol.44, No.1 (2023) 

-74- 
 

Table 4 Parameters and elastic modulus with 
thickness-average orientation tensor for center-gated 

disk and ISO-plaque 

The comparison of the predicted values of the 
elastic modulus of the center-gated disk and IOS-
plaque with the experimental results and predicted 
values in literature (Nguyen et al., 2008) is shown in 
Tables 5 and 6. The standard deviation (SDV) of the 
experimental results and the predicted values and the 
relative error (RE) of the predicted values with respect 
to the experimental results are indicated in the tables. 

And the results of the predicted elastic moduli based 
on other methods and their relative errors are also 
listed. 

In Tables 5 and 6, it can be seen that the 
experimental results have a good correlation with the 
predicted values calculated based on the de-
asymmetry method, which proves the reliability of the 
LFT elastic modulus prediction model. And the results 
obtained by the de-asymmetry method are closer to the 
experimental values than those obtained by other 
methods. The mutation of the cumulative function due 
to the asymmetric fiber orientation. It, the result 𝐸𝐸11 
obtained by Weibull’s FLD and GDF’s FOD in Table 
6, could be possible that the asymmetry causes a closer 
result to experimental data. It can be seen that the de-
asymmetry method shows a positive effect on the 
accurate prediction of the elastic modulus of materials. 

Table 5 Predictions versus experimental data for center-gated disk 

 Experimental 
data 

Predictions 
Experimental FLD and 

RSC’s FOD 
Weibull’s FLD and 

GDF’s FOD 
Weibull’s FLD and GDF’s 

FOD with Method 1 
Weibull’s FLD and GDF’s 

FOD with Method 2 
𝐸𝐸�11 

(MPa) 
5318a) 5942 a) 5041 5078 5062 

SDV=122.6 RE=11.7% RE=-5.2% RE=-4.5% RE=-4.8% 
𝐸𝐸�22 

(MPa) 
7521 a) 5826 a) 7335 7346 7366 

SDV=16.3 RE=-22.5% RE=-2.5% RE=-2.3% RE=-2.1% 

a) Taken from Ref. (Nguyen et al., 2008). 
 

Table 6 Predictions versus experimental data for ISO-plaque 

 Experimental 
data 

Predictions 
Experimental FLD and 

RSC’s FOD 
Weibull’s FLD and 

GDF’s FOD 
Weibull’s FLD and GDF’s 

FOD with Method 1 
Weibull’s FLD and GDF’s 

FOD with Method 2 
𝐸𝐸�11 

(MPa) 
6063 a) 5361 a) 5591 5491 5469 

SDV=181.1 RE=-11.6% RE=-7.8% RE=-9.4% RE=-9.8% 
𝐸𝐸�22 

(MPa) 
7211 a) 6377 a) 6463 6545 6563 

SDV=479 RE=-11.6% RE=-10.4% RE=-9.2% RE=-9.0% 

a) Taken from Ref. (Nguyen et al., 2008).

CONCLUSIONS 

In this paper, a de-asymmetry method of fiber 
orientation PDF was proposed to obtain the 
homogenized fiber orientation tensor and used to 
predict the mechanical properties of injection molded 
composites. The important conclusions of this paper 
are summarized as follows: 

(1) A smooth segmented linear function of fiber 
orientation was proposed based on the relationship 
between the effective thickness in the thickness 
direction and the probability density of the fiber 
orientation tensor. The shell thickness ratio was 
introduced to describe the microstructure form of 
injection molded composites, and the form of the fiber 

orientation PDF was obtained by considering the two-
parameter Weibull distribution. 

(2) The idea that the ratio of the thicknesses 
occupied when the fiber orientation tensor changes 
represent the probability density of the fiber 
orientation tensor was carried out. And considering the 
asymmetry and non-monotonicity of the fiber 
orientation distribution, the de-asymmetry method 
was proposed based on the idea. The CDF has better 
goodness of fit compared with the experimental results 
in the literature. 

(3) The homogenized fiber orientation tensor 
obtained by the de-asymmetry method was applied to 
the prediction of mechanical properties of injection 
molded composites, and the obtained predictions 
correlated well with the elastic modulus obtained from 
experimental data. 

 𝐿𝐿�wweib 
(mm) 

D 
(um) 

Method 1 Method 2 Raw data 
�̅�𝐴11 �̅�𝐴22 �̅�𝐴11 �̅�𝐴22 �̅�𝐴11 �̅�𝐴22 

Center-
gated disk 2.28 17.4 0.383 0.592 0.382 0.593 0.380 0.592 

ISO-plaque 1.71 17.4 0.435 0.535 0.433 0.537 0.445 0.527 
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(4) The PDF of the fiber orientation tensor was 
proposed, and it can be assumed that the variation of 
the fiber orientation tensor conforms to other functions 
than liner variation. Besides, there are various 
expression functions for the angular distribution of 
fiber orientation in existing studies. The relationship 
between the fiber orientation tensor and the angle of 
fiber orientation can be combined to describe the 
microstructure of injection molded composites more 
clearly. In future work, it seems feasible to combine 
these two and calculate the mechanical properties of 
the material in terms of the overall angular distribution 
of the fibers of the material. 
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註塑成型復合材料纖維取

向分布函數的去非對稱方

法 
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蘇州大學應用技術學院 
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摘要 

纖維取向是決定註塑復合材料力學性能的關

鍵因素。因此，準確描述纖維取向對註塑復合材

料性能評估有重要作用。基於厚度方向有效厚度

與纖維取向張量的概率密度之間的關系，提出了

纖維取向的平滑分段線性函數用以得到纖維取向

張量累積分布函數。考慮到纖維取向分布的近似

對稱性和非單調性，提出了去非對稱化方法。與

文獻中的實驗結果相比，累計分布函數具有良好

的擬合優度,並且實驗結果與本方法得到的纖維取

向張量預測的彈性模量有良好的相關性。可為後

續基於纖維取向張量厚度分布的研究提供參考依

據。 
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