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ABSTRACT

On the basis of the hydromagnetic flow
theory, an inertia hydromagnetic lubrication
equation has been derived for circular stepped
squeeze film disks by applying the momentum
integral method. Analytical solution of the film
pressure, the load capacity and the squeeze film
time are obtained in the present paper. It is found
that the hydromagnetic squeeze film including the
influences of fluid inertia forces provides an
increased load capacity as well as a longer squeeze
film time as compared to the non-inertia
non-conducting-lubricant case. The improved
squeeze film characteristics are further emphasized
for the circular stepped disks operating at larger
values of the density parameter and the magnetic
Hartmann number, and smaller values of the radius
ratio and the step height ratio.

INTRODUCTION

In order to prevent viscosity variation with
temperature, the use of electrically conducting
fluids as lubricants has received great interest.
According to the hydromagnetic flow theory of
Cowling (1957), electrically conducting fluids
possess higher thermal and electrical conductivity
properties. Therefore, the viscous friction heat in
thin lubricated films can be readily taken away.
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In addition, by the application of external magnetic
fields, a produced Lorentz body force can provide a
component to the direction of lubricant flow. As a
result, the bearing characteristics are improved. A
number of works have investigated the lubrication
performances of hydromagnetic thin film bearings
in the presence of an external magnetic field, such
as the externally pressured bearings by Huges and
Elco (1962), Maki and Kuzma (1966) and Choy
and Halloran (2008); the journal bearings by
Kuzma (1963), Kamiyama (1969) and Malik, Singh
(1980) and Deheri et al (2015); the slider bearings
by Gupta and Bhat (1979), Das (1998) and Lin
(2012). On the other hand, squeeze film
mechanisms play important roles in many areas of
applied science and engineering practice, such as
bio-lubrication, skeletal joints, hydraulic dampers,
disc clutches and machine tools. Many authors have
also investigated the hydromagnetic performance
characteristics for various squeeze film bearings,
such as non-cyclic journal bearings by Agrawal
(1970), the conical plates by Vadher et al. (2010),
the sphere-plate system by Chou et al. (2013), the
rectangular plates by Bujurke and Kudenatti (2007),
Lin et al. (2015), the circular disks by Patel (1980),
the annular disks by Lin (2001) and the curved
disks by Lin et al. (2014).According to their results,
the squeeze film bearings lubricated with an
electrically conducting fluid together with the
application of magnetic fields result in an increase
in the load capacity and the approaching time.
Squeeze film performances are improved. In the
above studies of squeeze films, fluid inertia forces
are assumed to be small and neglected as compared
to the viscous forces. However, the running speed
of modern machine systems may increase
depending on the operating requirements. Therefore,
the effects of fluid inertia forces may become more
and more significant and should be considered in
the analysis.

In the present study, the influences of fluid
inertia forces in circular stepped squeeze films
under the application of transverse magnetic fields
are investigated. Based upon the hydromagnetic
flow theory together with the momentum integral



method, a hydromagnetic lubrication equation
including fluid inertia effects for circular stepped
disks has been derived. Comparing with the
non-inertia  non-conducting-lubricant  case, the
squeeze film characteristics of circular stepped disks
are presented for different values of the density
parameter, Hartmann number, step height ratio, and
radius ratio.

ANALYSIS

Fig. 1 shows the squeeze film geometry of
circular  stepped disks lubricated with an
incompressible electrical conducting fluid in the
presence of an external magnetic field B in the

Z — direction. The upper stepped disk with outer

radius @ and inner radius b is approaching the
lower fixed plate with a squeezing velocity
Vg, =—0h/ét, where t denotes the time. The local

film height h can be expressed as

h, 0<r<b
h= for . (1)
h, b<r<a
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Fig. 1. Squeeze film geometry of circular stepped

disks with an electrical conducting fluid in the
presence of an external magnetic field.

And the step height hS can be described by
h,=h, —h,, (2)

where ha represents the minimum film height. It is

assumed that the thin-film lubrication theory of
Hamrock (1994) is applicable, the induced magnetic
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field is small as compared to the applied magnetic
field, the body force can be neglected except for the
Lorentz force, but the influences of convective inertia
forces resulting from temporal acceleration of the
fluid are included in the present study. Based on to
the hydromagnetic flow theory of Cowling (1957),
the hydromagnetic momentum equations, the
continuity equation and the equation for squeeze
motion can be expressed in axially cylindrical

coordinates (I, &, 2) as follows.

ou au op o 2
U—+W— |=——+71$— —CB,u, @)
p( or azj o Tar o
%:m )
u,u, oy, (%)
r or oz
ijZ:h udz = 7zr v, (6)

where p denotes the mass density of the fluid, 7

is the dynamic viscosity, C is the electrical
conductivity, P is the pressure, and U and W

are the wvelocity components in the I — and
Z —directions, respectively. The boundary conditions
for velocity components are the non-slip conditions at
the disk surfaces.

u,, =0, w=0, ()

u,_,=0, w_,=-v,=ch/ct. (8)

Since the local film height is thin, the convective
inertia forces of the fluid can be treated as constant
over the film height. Applying momentum integral
method, integrating the hydromagnetic momentum
equation (1) across the film height gives

ou au op o 2
U—+W— |=-—+71$——CB, u- ©)
'D( or azj o Ta? e

Using the relationship of continuity equation (5) and
performing the integration, one can rewrite the
momentum integral equation.

2 2 - 2=
aisz_CBO u:l ap_i_p(lj. h UZdZ+EJ‘ h uzdzj .
oz n nlor h\r= or 9z=0

(10)

In order to obtain the fluid velocity, a modified
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pressure gradient function ¢ is introduced.

op p(l
=—4 —| —
4 or h(r

z=0 or Jz=

z=h O prz=h
I u’dz +—J' uzdz) (11)
=0
Then the momentum integral equation is expressed as

2 2
o‘u cB, u:%go. (12)

oz’ n

The velocity component can be obtained after
integrating the differential equation and applying the
velocity boundary conditions.

2
u= ey (f{cosh[ sz—tanh[ Mn Jsinh['vlzj—l] (13)
77M haO Zhao haO

where h_ represents the initial minimum film

height, and M is the magnetic Hartmann number
describing the influences of applied magnetic fields.

M = B,h,\/c/7 . (14)

Using the expression of the velocity component (13),
the following integrals can be achieved.

[T udz=—2—g,(M.h), (15)
=0 -12n

“2dz= 2 g (M. 16
.[z=0 u Z_4_772 gl( ! ) ( )

where the functions g,(M,h) and g,(M,h) are

2 3
go(M,h)=12 hI:;I Zh -24 :;03 tanh[thh J 17)

a0

4 5
4 hap 1 +4 haOS sinh Mh
M M h

ouM.hy=4 »
+ha° sechz[ th

[ZMh—sinh(ZMh]—Bsinh[MhH

M*® 2ha0 haO haO hao
(18)

Now substituting equation (15) into the equation for

squeeze motion, one can obtain another expression of
the modified pressure gradient function ¢ .

_ v, _ (19)

9o(M,h)

Equating the right hand side of equations (11) and (19)

and applying the results of the integral (16), one can
derive a hydromagnetic lubrication equation for the
circular stepped disks including convective fluid
inertia effects.

oy __3ur (277 4+ 9P0y vsj (i=ab). (20
or 9oi hi gy

where pi = p(h = hi) ' 90 = go(M ) hi) and
9y, = gl(M ) hi)‘

Neglecting the effects of fluid inertia forces, the
term  (9pg,v,/hg,) is excluded. Then the

lubrication equation reduces to the situation of
hydromagnetic circular stepped squeeze films
without fluid inertia forces. Furthermore, if the fluid

inertia forces are excluded and the step height hS is

zero, the derived lubrication equation reduces to the
case of non-inertia hydromagnetic circular squeeze
film disks.

SQUEEZE FILM CHARACTERISTICS

The derived lubrication equation is now applied
to investigate the squeeze film characteristics of
hydromagnetic circular stepped disks including
convective fluid inertia forces. To analyze the
problem, the non-dimensional variables and
parameters are introduced as follows.

2
R=Lip_PipoPap Py ORVa, (21)
prhao3

o))

r r r

9% g h, h h. (22)
G =2 1G =L ' H =_2a> H =—b 'H=—\1
’ haO3 ' hao5 ) haO ’ hao hao

k=9, S=_35 D:M. (23)
a h., 67°a’
where p_represents the reference pressure. As a

consequence, the non-dimensional hydromagnetic
lubrication equation for the circular stepped squeeze
films including the influences of convective inertia
forces can written as

oR __RV 1+%V , (i=a,b), (24)
R G, 2nG

i 00

where P=P(H=H)r Gy =Gy(M, H,) Gli:Gl(M'Hi)’
and

b Mo for JOsR<k (25)
|H k<R<1

a
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s=H,-H,- (26)
Gy(M,H)=12H/M? —24tanh(0.5MH )/ M?®, (27)
GAM,H):{ 4H /M * +4sinh(MH)/M*®

(28)

Integrate the non-dimensional lubrication equation
with the pressure boundary conditions: p-p, for

0<R<k; p=p, for k<R<1; p=p at R=k;
p—1 at R=1. The squeeze film pressure is then
obtained.

k?G,, +(@1-k?)G,, —R*G

1 OaV
P = T 2G,, Gy, ,0<R<Kk,
o +9D{szm ~R%G,, (1—|<2)c;1a}/2
4 HbGObz HaGOa\2
(29)
2
P =1+V(1_R ) 1+ 930Gy, |, k<R<1.(30)
’ ZGOa 2HaG0a

Integrating the film pressure acting on the disk
surface results in the load capacity W .

W = 27:[_[:):0 (p, - pr)rdr+J'ra:b (p, - pr)rdr:|- 31)

Substituting the expression of film pressure and
performing the integration, the non-dimensional load
capacity L can be derived.

8w

L= e L,V +DLV?, (32)

where

L, - 2k'Gy, +2(1-k*)Gy, (33)
GoaCos

LFﬁWHpgqﬁaamﬂWQﬁJ_(M)

H aHbGOaZGOb2

In order to obtain the elapsed time for the stepped
disk to achieve a film height, a non-dimensional
squeeze filmtime T isintroduced.

2
T= pGrha(; t- (31)
na

From the definition of non-dimensional squeeze film

+[2MH —sinh(2MH )—8sinh(MH )]sech?(0.5MH )/ M ®
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velocity (21), one can obtain

v 2 OPNVa _dH, (32)

ph,  dT

Substituting into the equation of (32) gives the
nonlinear differential equation.

dH, Ly —/Ly’ +4DLL, ' (33)

dT 2DL,

Separating the variables and integrating the equation
subject to the initial condition, H, (T =0) =1, One can

derive the solution for the height-time relationship.

H. (34

L, aH.
JLy? +4DLL, - L,

The values of the squeeze film time T can be
calculated by the numerical integration method of
Gaussian Quadrature.

TzzDLH::l

RESULTS AND DISCUSSIONS

According to the above analysis and derivation,
the squeeze film characteristics of hydromagnetic
circular stepped disks including the fluid inertia force
effects are dominated by the density parameter D
defined in equation (23), the magnetic number M
defined in equation (14), the radius ratio k and the
step height ratio S defined in equation (23).

For D — 0, the study reduces to the non-inertia
case. For M —»0 , it is the case with a
non-conducting lubricant considering fluid inertia
effects. For D—0 and M -0, it is the
non-inertia case with a non-conducting lubricant. For
k>0 (or Ss—0), it is the case with inertia force
effects. When D—>0, M —>0 and k-0 (or

S — 0), the present study reduces to the case of
non-inertia non-conducting fluid lubricated circular
squeeze film plates of Hamrock (1994).

Figure 2 presents the load capacity L varying
with film height H_ for different M and D with

k=0.5 and S=0.5. The value of L increases with
decreasing H_. Under the non-conducting-fluid case

(M =0), the fluid inertia effects (D =4) provide a
higher value of the load capacity as compared to the
non-inertia case ( D =0). Increasing the density
parameter ( D =8) increases the increments of L.
When the circular stepped disks lubricated with an
electrical conducting fluid with an applied magnetic
field ( M =2), further higher values of L are
obtained. Figure 3 describes the load capacity L
varying with Hartmann number M for different
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H, and D with k=05 and S=0.5. The load L

increases with the Hartmann number M . Comparing
with the non-inertia case (D =0), the fluid inertia
effects (D=4, 8) increase the value of L. Figure 4
shows the load L varying with density parameter
D for different H, and M with k =0.5 and

§=0.5. At H_=0.6, the load L increases with the

density parameter D. Compared to the case of a
non-conducting lubricant ( M =0), increasing the
Harmann number (M =2, 4, 6, 8, 10) increases the
increment of the load. At a smaller height H_=0.4,

similar tendencies are observed for the variation of
L with D; but, higher values of the load capacity
are predicted.

50 —
M=2
1 [----- M=0 D=8
a0 —
D=4
30 — , D=0
L -
20 —
10 —
B
o T T T T T T 1
1 0.8 0.6 0.4
Ha
Fig. 2. Load capacity L varying with film height

H, for different M and D with k=0.5
and S=0.5.

Fig 3. Load capacity L varying with Hartmann
number M for different H, and D with

k=0.5and S=0.5.

-423-

60 —

55—- 95—-

w | | H,=0.6 %0
45 —
40 —
35 —
L 30 —
25 —
20 —
15 —
10 —

5 —]

Fig. 4. Load capacity L varying with density
parameter D for different H, and M

with k=0.5and S=0.5.
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Fig.5. Load capacity L varying with step height
ratio S for different M with k =0.5 and
H,=0.4 under both the non-inertia (D =0) and

inertia ( D =10) cases.

Figure 5 and Figure 6 display the influences of
the step height ratio S and the radius ratio k on
the squeeze film characteristics. The load capacity L
varying with step height ratio S for different M
with k=0.5 and H,=0.4 under both the non-inertia

(D =0) and inertia ( D =10) cases are shown in Figure
5. Under the non-inertia ( D =0) case with a
non-conducting lubricant M =0), the load capacity
L is observed to decrease with the step height ratio
S. By the use of an electrical conducting fluid with
applied magnetic fields (M =2, 4, 6, 8, 10), higher
values of the load capacity are predicted. When the
influences of fluid inertia forces ( D =10) are included,



the hydromagnetic circular stepped disks provide
further higher values of the load capacity. Figure 6
describes the load capacity L varying with radius
ratio k for different M with $=0.2 and H_ =0.4.

Under the non-inertia ( D =0) case, it is observed that
the value of L is observed to decrease with
increasing values of k. Compared to the results with
a non-conducting lubricant M =0), the
hydromagnetic squeeze films (M =2, 4, 6, 8, 10)
yield higher values of the load capacity. When the
effects of fluid inertia forces (D =10) are included,
further increments of the load capacity for
hydromagnetic circular stepped disks are predicted.

110 — 110 —

1|s=0.2, H,=0.4 || D=0 -]s=0.2, H,=0.4 || D=10

100 — 100 —
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Fig.6. Load capacity L varying with radius ratio k
for different M with $=0.2 and H, =0.4
under both the non-inertia (D =0) and inertia
(D =10) cases.
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Fig. 7. Squeeze film time T wvarying with radius
ratio k for different M and D under
S$=0.2 and H,=04.
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Figure 7 presents the squeeze film time T
varying with radius ratio k for different M and
D under S$=0.2 and H,=0.4. The squeeze film

time decrease with increasing values of k .
Comparing with the case of a non-conducting
lubricant M =0) without fluid inertia forces ( D =0),
the hydromagnetic circular stepped disks in the
presence of external magnetic fields (M =1, 2) result
in an increase in the squeeze film time. When the
effects of fluid inertia forces are included (M = 2,
D =4), a longer squeeze film time are observed.
Increasing values of the density parameter (M = 2,
D=8; M =2, D=10), further longer values of the
squeeze film time are predicted for the circular
stepped squeeze film. On average, the inertia
hydromagnetic squeeze film results in higher values
of the film pressure and load capacity, and yield
longer values of the squeeze film time as compared to
the case with a non-conducting lubricant excluding
the fluid inertia forces.

CONCLUSIONS

In accordance with the above analysis and the
results discussed, conclusions can be drawn as
follows.

On the basis of the hydromagnetic flow theory
together with the momentum integral method, an
inertia hydromagnetic lubrication equation has been
derived.  Comparing  with  the  non-inertia
non-conducting-lubricant case, the hydromagnetic
squeeze film including the influences of fluid inertia
forces provides an increased load capacity as well as
a longer squeeze film time. The improved squeeze
film performances are more pronounced for the
circular stepped disks operating at a larger value of
the density parameter and the magnetic Hartmann
number, and a smaller value of the radius ratio and
the step height ratio.
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