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ABSTRACT

In this study, three-dimensional stress intensity
factor (SIF) solutions for inclined and deflected
surface, corner and edge cracks in rails subjected to
bending loads are presented. Fracture analyses are
performed using FRAC3D, which is part of Fracture
and Crack Propagation Analysis System (FCPAS),
employing fully unstructured tetrahedral elements
along the crack front and in the whole model. The
results of the analyses declare how the SIF
distributions along the crack front having with
different configurations variate with the change of the
crack orientations and which crack type is critical in
rails. It is observed that increasing the inclination or
deflection angle results in a decrease in mode-I SIFs
and increases in mode-II and mode-III SIFs. The
decrease in mod-I SIF ranges from about 6.3~6.4
MPa,/ m to about 1.4~1.5 MPa,/ m with increasing
the inclination or deflection angle from 0° to 75° for
the edge or surface cracks while it changes from
about 4.48 MPay/ m to about 0.5 MPa,/ m for the
corner crack under constant design load conditions. It
is shown that the distributions and magnitudes of
mixed mode SIFs for the edge and the surface cracks
are very similar for both crack orientations. The
results also show that the corner crack is a less risky
damage type compared to the edge and the surface
cracks for rails subjected to bending load since the
dominant mode-I SIFs obtained for the corner crack
are generally much smaller than other cases for both
crack orientations.

INTRODUCTION
Cracks are encountered in many structural parts
at different locations, due to many reasons such as
internal defects (porosity, inclusions) derived from
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manufacturing processes or different causes such as
environmental surroundings, boundary and loading
conditions, etc. Cracks in the structure may remain
stable up to a certain safe size for many years, or they
may suddenly become unstable and propagate up to
failure, causing serious accidents, financial losses,
and even loss of life in some cases. Therefore,
determining and knowing the response of the
components including cracks against possible
damages is significant in designing structures
considering different parameters to ensure safe use of
elements ie., to design structures  with
damage/tolerance and to determine
fail-safe/remaining life assessment. A numerical
assessment of damaged structures containing cracks
requires an accurate and precise computation of
fracture parameters. Most of these cracks appear in
the structures as surface, edge or corner cracks and
need to be analyzed using three-dimensional
approaches. Many fracture phenomena encountered
today include mixed mode fracture conditions due to
different causes such as the relative orientation of
crack surfaces as regards to the loading direction,
mixed mode or multi-axial loads, boundary
conditions, etc. Thus, for such mixed mode fracture
problems, from which the initial crack may be in
inclined and/or deflected form or may propagate in
such of these forms, three-dimensional modeling
capabilities and solutions are needed for a thorough
understanding of mechanisms driving mixed mode
fracture. It is well known that the accurate and
precise calculation of three-dimensional mixed mode
stress intensity factors (SIFs), i.e., K, Ky, and Ky
along the crack front has a remarkable role on mixed
mode fracture analysis.

The research studies performed for the analysis
of three-dimensional fracture and crack propagation
problems numerically have become popular with the
rapid growth of particular tools, techniques or
methods after the late of 1960s. Boundary elements
method (Ingraffea et al., 1983; Sousa et al., 1989;
Wawrzynek et al., 1988), alternating methods
(Hartranft and Sih, 1973; Shah and Kobayashi, 1973;
Smith et al., 1967; Smith and Alavi, 1971; Thresher
and Smith, 1972), line-spring method ((Delale and



Erdogan, 1981; German et al., 1983; Miyoshi et al.,
1986; Parks and White, 1982; Rice and Levy, 1972),
virtual crack extension method (Blackburn and
Hellen, 1977; Dixon and Pook, 1969; Hellen, 1975;
Watwood Jr, 1969), and finite element methods
(Barsoum, 1976; Levy et al., 1971; Marcal et al.,
1973; Steinmueller, 1974; Tracey, 1974; Zienkiewicz
and Cheung, 1967) are some of the employed
numerical procedures to analyze such problems. The
finite element method is very prevalent among them.
Several simulation software such as FRANC3D
(Carter et al., 1995, 2000), ZENCRACK (Hou et al.,
2001; ZENCRACK, 1999), ADAPCRACK3D
(Schollmann et al.,, 2003), BEASY (Curtin et al.,
1999; Neves et al., 1997) and FRAC3D (Ayhan and
Nied, 1998, 2002) have been developed using such
methods for the analysis of three-dimensional
fracture mechanics problems. FRANC3D,
ZENCRACK and BEASY can promote the most
well-known finite element-based codes, namely
NASTRAN, ANSYS and ABAQUS.
ADAPCRACK3D software works in conjunction
with ABAQUS and uses the finite element method.
FRAC3D is part of Fracture and Crack Propagation
Analysis System (FCPAS) and uses the enriched
finite element method for fracture analysis. The
enriched finite element method permits accurate and
direct computation of fracture parameters with no
pre- and post-process interventions and without the
need a special mesh structure near the crack front.
FRAC3D employs enriched finite elements along the
crack tip to compute stress intensity factors (SIFs).
Several studies have been successfully carried out by
FRAC3D for fracture problems containing interface
cracks (Ayhan et al., 2006), mode-I (Ayhan and Nied,
2002; Uslu et al., 2014a, 2014b) and mixed mode
cracks (Ayhan, 2004, 2007a, 2007b, 2009; Ayhan
and Demir, 2021; Demir, 2021). One of the main
reasons for fracture and damage problems faced with
today in many practical engineering applications is
the exposure of structural parts to mixed mode
fracture conditions (Demir et al., 2017, 2018; Yaren
et al.,, 2019). Liu et al. (2020) analyzed the fatigue
crack growth behavior of transverse surface cracks in
rail steel and thermite weld under in-plane and
out-of-plane  loading. It was indicated that
out-of-plane bending load was more remarkable
failure mode than in-plane bending load for thermite
weld joints in curve tracks. Lian et al. (2019)
investigated the white etching layer (WEL) on rail
surfaces, identifying three distinct crack patterns
within the WEL and evaluating crack propagation
using a finite element model. The study revealed
shear mode as the dominant mechanism for crack
propagation, with leading cracks showing the highest
potential for growth. Ringsberg (2005) studied the
surface-breaking cracks in a twin disc test specimen
using elastic-plastic finite element calculations and
fracture mechanics theory. The study showed that
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shear crack growth dominates for all crack lengths
tested, with the potential for spalling failure in longer
cracks.

Bold et al. (1991) investigated the mixed mode
crack growth conditions for rolling contact fatigue
surface cracks. They showed that the crack growth
direction was on the plane of the maximum shear
stress rather than perpendicular to the maximum
tangential stress as occurs by a conventional fatigue
testing. Three-dimensional finite element analyses for
wheel-rail system with an initial subsurface crack in
the rail were carried out by Fang et al. (2022a, 2022b).
The studies examine the mixed fatigue crack growth
behavior of rail. It was found that the subsurface
fatigue crack propagation of rail was mixed mode
II/III and dominant mode was the slip propagation of
mode II. Lesiuk et al. (2020) performed mode-I and
mixed mode-I/II fatigue crack growth experiments in
rail steel to understand the fatigue behavior. They
used compact tension specimens (CTS) and finite
element method to determine SIFs and discussed the
impact of elastic mixity on fatigue crack growth rates
and directions. Non-proportional mixed mode-I/II/I11
behavior in rolling contact fatigue cracks in rails were
investigated by Bonniot et al. (2018). Through
asymmetric four-point bending tests on rail steel, they
assessed crack growth thresholds and kinetics in
mixed mode-II/III and successfully predicted crack
front paths and growth rates using effective SIFs
derived from measured crack face displacements.

It is seen from the literature that numerous
studies published in recent years have focused on
mixed mode fracture analyses of rails. In various
engineering problems encountered today, mixed
mode fracture conditions arise due to factors like
multi-axial and mixed mode loads, non-perpendicular
orientation of crack surfaces concerning uniaxial
loading, and diverse boundary conditions. To
accurately assess such conditions computationally, a
comprehensive understanding of the mechanisms
governing mixed mode fracture is essential. This
requires knowledge of the mixed mode crack driving
forces, i.e., SIFs, under specific loading conditions.

Cracks or fracture problems that may occur in
railway axles, rails or train wheels due to many
reasons such as environmental factors, manufacturing
type, material, or applied loads may become
extremely crucial. Crack can remain in the rail until a
certain safe size or sometimes with a sudden fracture
may cause serious accidents leading to catastrophic
failures and even in some cases may cause loss of
lives. Indeed, accurate and precise computation of
fracture parameters is crucial to prevent damaging
situations and ensure the safe functioning of cracked
structures. This allows for fail-safe and remaining life
assessments, enabling a thorough evaluation of the
structural integrity and potential risks associated with
the damaged components.

The level of mode mixity ratio directly affects
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the magnitude and distribution of SIFs along the
crack front and influences the characteristics of crack
growth surface and the critical fracture load limit
required for unstable fracture. Therefore, to evaluate
together all the three fundamental fracture modes, i.e.,
mode-I, mode-II and mode-III, play a significant role
in prediction of critical fracture loads, crack growth
angle and crack propagation rate histories (Ayhan
and Demir, 2019; Demir et al., 2019).

In this study, three-dimensional fracture
analyses performed for inclined and deflected surface,
corner and edge cracks in rails subjected to bending
loads are presented. The mixed mode SIF solutions
are obtained using FRAC3D.

PROBLEM DESCRIPTION

In this section, mixed mode fracture cases
containing different crack configurations and
orientations are depicted with regard to geometry and
loading details. A UIC60 rail profile is used for
three-dimensional fracture analyses.

A uniform bending moment (AM = 37.62 kNm)
is applied to the end of the rail section and the other
end is fixed (Figure 1-a). The rail section length is
200 mm and the initial crack dimensions, crack depth
(a) and a half crack length (c) are a =c= 3 mm for all
the considered cases. In Fig. 1, the loading details and
considered crack configurations are given. The edge,
corner and surface cracks with different deflection
and inclination angles ranging from 0° to 75° in steps
of 15° are analyzed. The initial cracks are located on
the half section length. In the case of an inclined
crack, the crack plane is rotated with respect to the
“x” axis by “a” for which axis representations are
given in Fig. 1-b for each crack configurations. In the
case of a deflected crack, the crack plane is rotated
with respect to the “y” axis by “0” (Fig. 1-b). The
inclination and deflection angles are measured from a
plane parallel to the x—y plane. To clarify the
difference between the inclination and deflection
angles, representative crack configurations for a 45°
crack angle are depicted in Fig. 1-b.
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corner crack surface crack
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Fig. 1. (a) The loading details and (b) crack
configurations.

edge crack

NUMERICAL RESULTS

The finite element models for all fracture
analyses performed in the study are obtained using
ANSYS™ (ANSYS, 2009). The files related with the
finite element model such as element and node lists
of the crack front and of the whole model, load,
displacement lists are converted for importing these
data into FRAC3D solver (Ayhan and Nied, 1998;
2002) where the SIF distributions along the crack
front are computed by employing 3-D tetrahedral
enriched elements. A set of mesh sensitivity
analyses are performed to obtain optimum mesh
structures, and accurate and precise analysis results.
It is ascertained from the results of detailed
sensitivity analyses, the ratio of the half crack length
(c) or the crack depth (@) (whichever is smaller) to
the crack tip element size (S;;), in vertical directions
to the crack front can be taken as (a or ¢)/Si,= 100.

The material properties used in all analyses are
Young's modulus E=210 GPa and Poisson's ratio
v=0.3. The general and close-up views of the crack
region of the finite element model containing corner
crack (0=0=0°) are given in Figure 2. As mentioned
above, 3-D enriched crack tip finite elements are
employed for computation of 3-D mixed mode SIFs,
K, K, and Ky along the crack front. It is seen from
the figure that enriched crack tip finite elements are
the orange-colored elements that surround the crack
front and transition finite elements (blue-colored) are
located between the enriched and the regular finite
elements.

enriched
element

transition
element

Fig. 2. Finite element model of the crack region for
corner crack (o= 6=0°).



The finite element model given in Fig. 2 is
meshed with fully 10-noded tetrahedral elements. The
model includes 401 nodes and 3658 enriched

elements along the crack front, and a total of 172,075
nodes and 118,341 elements in the whole model.
Figure 3 shows the von Mises stress distributions
around the crack regions obtained for some crack
configurations. It is seen that, as expected, high stress
concentrations exist around the crack regions.

&

inclined cracks

a=30°

edge crack

L I 0=60° }

edge crack

corner crack surface crack

(a)

inclined cracks

corner crack surface crack

(b)

deflected cracks

0=30°

edge crack

corner crack surface crack

(©)

deflected cracks

0=60°

- 0=60° }l

edge crack

surface crack

corner crack

(d)

Fig. 3. von Mises stress distributions around the crack
regions obtained for the models, (a) a=30°, (b) 0=60°,
(c) 6=30°, (d) 8=060°.

In Figure 4, distributions of mixed mode SIFs
along the crack front obtained for an edge crack with
different inclination angles are given. It should be
noted that when tetrahedral elements are used along
the crack front, an oscillatory SIF variation is
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occurred due to the nonuniform and irregular
sequence of finite elements. Therefore, the
distributions of the resulting SIFs from fracture
analyses performed in this study are smoothed.
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Fig. 4. Mixed mode SIFs along the crack front
obtained for an edge crack with different inclination
angles (a) Ky, (b) Ki, (¢) Kurdistributions.

As can be seen from Fig.4(a) that as the
inclination (o) angle increases the K; SIFs decrease
and the maximum value is attained for the
non-inclined case, i.e., under pure mode-I loading
(a=0°). It should be noted based on the literature
(Bazant & Estenssoro, 1979; Benthem, 1977; Pook et
al., 2017) that at the zone in which the crack front
crosses the free-surface, the stress and strain
singularities are different than the inverse square root
singularity characteristic (r'?) and are influenced by
the Poisson’s ratio and the intersection angle. Since
mixed mode SIFs can be computed correctly near the
free-surface, a particular transaction is not executed
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to obtain the actual SIF values in the close vicinity of
the free surface for all analyses carried out in this
study. It is seen in Fig.4b that, the Kj; SIFs increase
with increasing inclination angle until 0=45° and then
decrease. The Ky SIF along the whole crack front is
zero at a=0° and its distribution is linear and
anti-symmetric and since it is on the symmetry
surface, the value is zero at the crack's deepest point
for all non-zero inclination angles. The highest values
are obtained for mode-II at a=45° (the plane with the
maximum shear stress). The Kj; SIFs are almost equal
for a=15°-75° and a=30°-60° since these angles are
the complementary inclination angles. Similar to the
behavior of Kj; SIF, Kj; SIF is zero at a=0°, as this
loading condition depicts a pure mode-I loading case,
and increases in magnitude until a=45° in which
takes its highest value. The Kj; SIFs are almost equal
for the complementary angles. Symmetrical
distribution along the crack front is observed for
mode-III SIFs and their values are highest at the
crack's deepest point for all non-zero inclination
angles. Figure 5 shows the distributions of mixed
mode SIFs along the crack front obtained for a corner
crack with different inclination angles. It is deduced
from Fig. 5 that as the inclination () angle increases
the K; SIFs decrease and the maximum value is
attained for a=0° while the Kj; and K, SIFs are zero
at this inclination angle. It is also observed that
mode-I SIF becomes negative partially at the close
vicinity of the free-surface for a=75°, reflecting crack
surface contact.
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Fig. 5. Mixed mode SIFs along the crack front
obtained for a corner crack with different inclination
angles (a) Kj, (b) Ky, (c) Ky distributions.

Similar to the behavior of the edge crack
configuration, Ky and Ky SIFs increase until a=45°
and then decrease for 0=60° and o=75° as the
effective shear stresses causing the mode-II and
mode-III SIFs also decrease. The mixed mode SIF
distributions along the crack front obtained for a
corner crack with different inclination angles are
presented in Figure 6. As seen from the graphs,
distributions of the mixed mode SIFs behave similar
to those in Fig. 4, i.e., the edge and the surface crack
with the same size exhibit similar behaviors in terms
of obtained SIF variations under the same loading
situations. Fracture analyses are also performed for
the cracks with different deflection angles as is the
case with the cracks containing different inclination
angles and the resulting SIF distributions are
discussed below.
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Fig. 6. Mixed mode SIFs along the crack front
obtained for a surface crack with different inclination
angles (a) Kj, (b) Ky, (c) Ky distributions.

Figure 7 shows variations of mixed mode SIFs,
K;, Kjrand Ky along the crack front for an edge crack
with different deflection angles. As is seen from
Fig.7a that as the deflection (0) angle increases the K;
SIFs decrease and the value is maximum for the
non-deflected case, i.e., pure mode-I (6=0°) loading
condition. The Ky and Ky SIFs increase with
increasing deflection angle until 6=45°, then decrease
and their values along the whole crack front are zero
at 0=0° (Fig. 7b-c). Maximum value for mode-II SIF
is obtained at the deepest point for all non-zero
deflection angles. The Kj; SIF distribution is linear
and anti-symmetric and its value is zero at the
deepest point for all non-zero deflection angles due to
the symmetry surface.
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Fig. 7. Mixed mode SIFs along the crack front
obtained for an edge crack with different deflection
angles (a) K, (b) Ky, (¢) Ky distributions.

The mixed mode SIF distributions obtained for
a corner crack with different deflection angles are
plotted in Figure 8. Similar to the behavior of edge
crack configuration, as the deflection (0) angle
increases the K; SIF decreases and its value is
maximum for 6=0° while the K; and K SIFs are
zero at this angle. Also, the Ky and K7 SIFs increase
until a=45° and then decrease for 0=60° and 0=75°.
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Fig. 8. Mixed mode SIFs along the crack front
obtained for a corner crack with different deflection
angles (a) K, (b) Ki, (¢) Ky distributions.

Finally, the computed SIFs for a surface crack
with different deflection angles are shown in Figure
9.
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Fig. 9. Mixed mode SIFs along the crack front
obtained for a surface crack with different deflection
angles (a) Kj, (b) Ky, (c) Ky distributions.
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It is deduced from the graphs that variations of
mixed mode SIFs along the crack front are very
similar to those in Fig. 7, as is the case with the
inclined crack configurations.

CONCLUSIONS

This paper provides mixed-mode SIF solutions
for deflected and inclined surface, corner and edge
cracks in rails subjected to bending loads.
Three-dimensional fracture analyses were performed
employing enriched finite elements along the crack
front using FRAC3D, which is a general-purpose
standalone fracture analysis program. The following
conclusions could be made:

(1) For all crack configurations, the K; SIFs
decrease with increasing the deflection or inclination
angle.

(i1) For all crack configurations, the Kj; and
KIII SIFs increase until the deflection or inclination
angle of 45 and then decrease with increasing the
deflection or inclination angle.

(iii) The distributions and magnitudes of mixed
mode SIFs along the crack front for the edge and the
surface cracks are almost identical for both crack
orientations.

(iv) The K; SIF values computed for the corner
crack are generally much smaller than the edge and
the surface cracks for both crack orientations. Thus,
the corner crack is a less risky damage type compared
to other cases for rails under bending load, when
considered that the dominant mode-I SIFs obtained
for the corner crack are the smallest.

As a future work, fracture and fatigue crack
growth experiments and experimental applications
using strain-gages are also being planned to validate
the results presented in the study.
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