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ABSTRACT

This paper proposed an optimal preview control
method of multi-objective comprehensive dynamics to
improve the mobility of virtual track train (VTT) in the
process of path tracking. A 6-DOF linear reference
dynamic model of VTT is established, taking lateral
speed, yaw rate, first articulation angle and second
articulation angle as control variables, the train
reference state variables are derived according to the
known reference path information. Then, based on the
optimal preview control theory and considering the
constraints of VTT dynamics, a multi-objective
comprehensive dynamic control algorithm is designed.
Finally, to comprehensively analyze the feasibility of
the algorithm, the robustness of the control algorithm
to road adhesion conditions, speed and combined
curve is verified respectively through the co-
simulation of multi-body dynamics software and
MATLAB/Simulink.

INTRODUCTION

In recent years, a new urban traffic mode has
emerged in small and medium-sized cities in China,
called virtual rail train (VTT), as shown in Fig. 1. The
system mainly includes advanced assistant driving of
front car body, active tracking function of rear car
bodies, lane line and pedestrian identification
technology, active steering mechanism, high-
performance body design, hydraulic articulated device,
adaptive suspension, etc. The VTT can be used as a
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solution to congestion in medium-sized cities or as a
supplement to transportation in large cities, which is in
line with China's basic national conditions and public
transport development strategy. (Han et al., 2015)

This technology is also used in the public
transportation system of other countries and has
realized engineering. The German Siemens CIVIS
IRISBUS public transport system (Georges.,2012) the
French TEOR public transport  system
(Boucheret.,2004) and the German AUTOtram public
transport system (Wagner et al., 2013) all adopt the
optical recognition guidance technology. Phileas
public transport system of VDL group in the
Netherlands adopts track nail guidance technology.
The ‘Intelligent rail express system’ developed by
Zhuzhou Research Institute of CRRC in China adopts
self-developed “Virtual track following control”.
(Yuan et al., 2020)
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Fig. 1. VTT system.

Bogie system

There are some literatures on the control
methods of rubber-wheel articulated train. Sampei et
al. (1995) established the nonlinear kinematics model
of articulated vehicle, and designed a path tracking
controller for articulated vehicles (semi-trailer vehicle)
by using time scale transformation and accurate
linearization. However, the control method under
variable curvature path is not studied in the paper.
Bolzern et al. (2001) used input-output feedback
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linearization to realize the steering control of multi
articulated vehicles. Similarly, the controller in this
literature is stable in a circular curve with constant
radius of curvature, and has not been studied under
complex road conditions. Astolfi et al. (2004) used the
Lyapunov function method to track the straight-line
and circular arc routes of multi articulated vehicle
trains. Yamaguchi et al. (2014) proposed a path
tracking feedback algorithm for five axle three
steering coupled vehicle system by using linear control
theory and Lyapunov’s second method. The above
literatures are studied from the perspective of
kinematics, and the dynamic characteristics of the train
cannot be obtained, especially the stability and tire
wear of the train when turning at medium and high
speed on the small radius curve.

Most of the above studies use classical control
theory, especially PID control, which considers less
state information, and often cannot take into account
other performance of the train, such as the problem of
too large centroid sideslip angle of the car body.

Motivated by the above issues, the main
contributions of this paper are as follows:

(1) According to the known reference path information,
the linear reference dynamic model of the VTT is
established to form a reference variable sequence
including dynamic indexes, taking into account the
path following performance and yaw stability.

(2) By constructing train dynamic constraints, the train
can adapt to different road adhesion conditions,
different speeds and the continuous change of
curvature radius of combined path when following the
reference path.

(3) The preview desired values information is used as
the inherent characteristics of the system, the objective
function is constructed, and the path following
performance and stability requirements are considered
to realize the optimal following of the VTT to the
reference path.

STRUCTURE OF THE VTT

The VTT is a two-way multi marshalling rubber-
tyred train with 100% low floor frame, all electric
drive and multiple power receiving modes (Feng et al.
2020). Fig. 2(a) shows the formation mode of VTT.
The whole train adopts the form of three modules and
six axles. There is a bogie at the front and rear of each
car, of which the front of the front and rear car bodies
are powered bogies, the other are non-power bogies,
and the car bodies are connected by the articulated disc.
The power bogie includes rubber wheels, air
suspension, deceleration device and brake actuator, as
shown in Fig. 2(b). And the non-power bogie includes
rubber wheel, air suspension, brake actuator and
central spring energy storage parking brake (as safety
braking device), as shown in Fig. 2(c).
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Fig. 2. Structure of VTT: (a) train formation mode,

(b) power bogie, (c) non-power bogie.

VTT REFERENCE DYNAMICS
MODEL

In order to simulate the lateral dynamic
characteristics of the VTT, a linear model of train
dynamics is established. XOY is the geodetic
coordinate system, and the local coordinate system
xioy; for each car body are established. The coordinate
origin of each car body coordinate system is located at
the center of mass. The direction along the
longitudinal axis of the car body is the x axis, and the
direction perpendicular to the longitudinal axis is the y
axis. Ignoring the influence of suspension system, the
vertical and roll motion of the train are not considered,
and ignoring the influence of aerodynamics, the air
resistance is not considered. The lateral dynamics
model of the train with 6 degrees of freedom is
established, including the lateral and yaw motions of
three car bodies as shown inFig. 3. Fyir1, Fyip, Fyigu
Fy15; are the lateral forces of each tire on the front car body,
respectively. Fyor1, Fyapi, Fyapi, Fypp are the lateral
forces of each tire on the middle car body, respectively.
Fyari, Fyapi Fyspi Fysp are the lateral forces of each tire
on the rear car body, respectively.

%} v

Fig. 3. Overall force analysis of the train.

Lateral dynamic equations of VTT are written in
matrix form as matrix form are obtained PX + QX =
RU. The corresponding state space expression can be
written, see the Appendix for element expressions in
each matrix.

Y=CX

Where X =[B,v,6,6,0,6,], A=P7'Q , B=
P 'R.
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The lateral velocity of the front car body in the
geodetic coordinate system can be obtained by using
the speed, the centroid sideslip angle and the lateral
yaw angular velocity of the front car body, as shown
in Formula (2).

Yl = v, (b1 +11) 2

Adding Formula (2) to the train reference
dynamics model, a new state equation combining the
train state and lateral displacement is obtained, and the
new status variable is X = [£; y; 6, 6, 6, 6, Y;].

The yaw rate can represent the stability of the
vehicle, especially when the vehicle passes through the
curve section. If the parameter equation of the
reference path is shown in Formula (3).

X =g
{y = h(t) ®)

Then the curvature of the reference path is

_ |gl(t)hu(t) _ g”(t)h’(t)l

[972(®) + O]

Thus, the desired value for yaw rate of the front
car body can be obtained, as shown in Formula (4).

K

UX
Y1ia = R_ = vxK (4)
- - dl - -
Fig. 4 shows the train status at two adjacent times
after At, (X, Y;.) is the position coordinate of the
car body centroid at time ¢,  (Xic4ae), Yicerar)) 1S
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the position coordinate of the car body centroid at time
(t + At). When the centroid coordinate of the rear
body at time t+ At coincide with the centroid
coordinate of the front body at time t, the desired
articulation angle can be obtained.

v

0

X

Fig. 4. Schematic diagram of trajectory following
deviation of car bodies.

If the centroid position of the middle car body at
t + At coincides with that of the front car body at ¢,
then AX; =0, AY; = 0.
Then

tan(¢1d(t+At) - 91d(t+At)) =
Yl(t+At) - L SINP1a(t+at) — Vi

Xie+ar) — L1 cOSQ1ae+ar) — Xie

Therefore, the desired articulation angle between
the front car body and the middle car body can be
obtained.

91d(t+At) =

p arctan < Yl(t+At) - SiNQ1a(c+ar) — Vi >
da(t+at) —
ld(t+an Xie+ar) — L1 COSQ1a+ar) — X1t

t t+AL
Where @14 = [ v1a(®) dt, Pracran = J,  via(t) dt,

Li+L
At =22
V.

Similarly, the desired articulation angle between
the rear car body and the middle car body can be
obtained.

O2a¢t+ar) =

YZ(t+At) - SiNQaq(t+at) — e
Xoge+ar) = L1 cos@aaerar) — Xar

P2a(t+ar) — arctan

t+AL
Where @aaqrary = J; v1a(®) dt — O1ace+a).

DESIGN OF THE CONTROLLER

During the autonomous tracking of the front car
body, the automatic tracking system extracts the lane
line features and classifies them through the image
recognition sensor, so as to form the discrete
coordinate sequence of the reference digital track, as



shown in Fig. 5.
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Fig. 5. Schematic diagram of trajectory following

deviation of car bodies.

Firstly, the forward Euler method is used to
discretize the combined state equation. The state
program of the discrete-time system is shown in
Formula (5).

{X(k +1) = Ax(k) + Bu(k)
Y(k+1) = ¢x(k)

)

Where A=I1+TA, B=TB, T is the sampling
period.

Optimal preview control is to apply the idea of
optimal control to find a control gain when the future
information can be previewed, so that the quadratic
objective evaluation function J including error term
e(k) and control term wu(k) takes the minimum
value. (Murphy., 2004)

Define the error vector, as shown in Formula (6).

e(k) = R(k) — C(k)X (k) (6)

According to Figure 6, the expression of each
element in the error vector is derived, as shown in
Formula (7).

( ey1(k) =Y, (k) — Yy (k)
epy1 (k) = Bl 17)~ ) -Y
e, () = yay (k) — y(k) @)
391(k) = 91d(k) - 61(")
U ega(k) = 020(k) — 6,(k)

In order to transform the following problem into
the adjustment problem of the following error, the
difference operator is introduced, and the first-order
difference is taken for Formula (5) and Formula (6) to
obtain Formula (8).

{ AX(k + 1) = AAX(k) + BAu(k) ®
de(k +1) = AR(k + 1) + CAu(k)
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Set a new state variable according to Formula
(35).
e(k)
AX (k)

Thus, a new state space expression called
tracking error system can be obtained, as follows.

Xo(k) = [

[ e(k+1) ] _ [(1) —j‘A][ e(k)

AX(k + 1) ax(o) [C;?]Au(k) + [(1)] AR(k + 1)

Further can be written as

{X,,(k +1) =WXy(k) + GAu(k) + GrAR(k + 1)

v
Where W = [0
Co=1[0 (]

In order to make use of the known target values
increment from the current time k to the future time
k + M, as the inherent characteristics of the system,
the previewed state is defined, as follows.

=[], e[l

Xp(k +1) = AgXyp (k)

Where
AR(k +1) 0 I, - 0
AR(k + 2 oo :
XR(k) = (: ) v Ap = : N |
: HE m
AR(k + M) 0 o o 0

A new state variable is introduced to obtain the
augmented system including the preview target values,
as follows.

k W G, [Xo(k
v vl =lo anllxgao] + (g2

Where 6=[0 G, 0 - 0]
In order to realize the optimal adjustment of the

Xp(k+1)

system following error, the optimal evaluation
function can be defined, as follows.
N
_ T T Q 0 [Xo(k)]
]xﬂ%®&®%J“®

+ T (k)RAu(k)}

To ensure that the train does not lose stability in
the process of running, when designing the optimal
preview controller based on the train dynamics model,
it is necessary to add VTT dynamics constraints. The
constraints of centroid sideslip angle of each car body
and road adhesion conditions are included in the paper.

The centroid sideslip angle of the car body has a
great influence on the stability of the train, so the
centroid sideslip angle must be limited to a reasonable
range. The research in the literature (Van Zanten.,
1998) shows that the limit of centroid sideslip angle of
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the car body can reach £ 12° when the vehicle runs

stably on the dry asphalt pavement with good adhesion.

On the slippery road with low adhesion coefficient, the
limit value is *3°. Therefore, this paper sets the
constraint conditions of centroid sideslip angle as
follows.

{—12" < B <12° (High adhesion road)

—3°< f <3°(Low adhesion road)
Where i = 1~3.

In addition, the train is also limited by the
adhesion conditions between the tire and the ground,
S0 it is necessary to add the constraints of tire/road
adhesion conditions. The relationship between
longitudinal acceleration and lateral acceleration
limited by ground adhesion is as follows.

[axz—i-ay2 <ug

In this paper, it is assumed that the train runs at a
constant speed in the longitudinal direction, so it is
further simplified.

—Hg = ay; S pg
Where i = 1~3.

Based on the above objective function and train
dynamics constraints, the controller based on VTT
dynamics model needs to solve the following
optimization problems.

N

min:f=;{[xo’<k) xr@1[¢ J[wes)

+ AuT(k)RAu(k)}
—12°< ,Bl_ <12° (High adhesion road)
S.t. —-3°< ,Bl_ <3° (Low adhesion road)
—ug < ay <ug
Based on the above algorithm derivation, the
forward preview program of VTT dynamics is
compiled with MATLAB. The calculation steps are
shown in Table 1. Set the sampling period T as 0.05s,

the number of prediction steps Mr as 20, and N is the
number of reference path points.

Table 1. Calculation flow of simulation program.

Forward preview for train state target
based on MATLAB

Step 1 Initialize system state variables Xo and
control variables Uo
Step 2 Set sampling period T and Simulation time
Tall.
Step 3 Input reference path points zd=(zr1, zrz,zrs
zrv) and set preview step Mr
Step 4 Discrete the train linear reference model
Step 5 loop

k=1: N

j=1: Mr

Generate the error vector
Xo(k)=[e(k) AX(K)]"

Generate preview desired values R(k + j)

Construction augmentation system ss(4,,
Ba’ Cav Da)

end

end

Step 6 Generate constraint region cons(f; , a, ;)
Step 7 Generate the optimal evaluation function J
Step 8 Call quadratic programming solver
Step 9 Output control variables U*

SIMULATION RESULTS

In this section, the nonlinear dynamic model of
VTT is established by using multi-body dynamics
software UM to verify the effectiveness of the control
algorithm. Through the ‘Co-simulation Tool” provided
by the multi-body dynamics software UM, the
information interaction between the dynamic model of
VTT and the control module written based on
Matlab/Simulink is realized, and the multi-objective
comprehensive dynamic optimal preview control
simulation platform for VTT trajectory tracking is
established, as shown in Fig. 6.

Reference path information

Dynamic model of VI'T

F ector

I G Optimal preview
calculation mox

control module

;’—\ Software |V
Umvs@. IE}AMSM
~ \‘_-{// Qurpur

T CoSimulation Tool

dule

Contrel module

Fig. 6. Flow chart of co-simulation platform.

Effectiveness of the Control Algorithm

To evaluate the effectiveness of the control
algorithm and the stability of VTT in the path
following process, a nonlinear lane changing route is
selected as the reference path, and its parameter
equation is shown he track diagram is shown in the Fig.
7.
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Fig. 7. Reference path trajectory.
Fig. 8 compares the control effect of adding
preview information and not adding preview
information in the process of the train following the
reference path at 10m/s. It can be seen from Figure 8(a)
that the control algorithm with preview information
can ensure that the train has better adaptability to the
continuous change of line curvature and higher
response speed in the process of lane change. It can be
seen from Fig. 8(c) that the maximum lateral deviation
of the car body centroid is only 0.053m. It can be seen
from Fig. 8(b) that the control algorithm without
preview information has poor adaptability to the
continuous change of line curve, slow response speed
and obvious hysteresis, that is, the train does not have
enough response time to the change of curve. It can be
seen from Fig. 8(d) that the maximum lateral deviation
of the car body centroid reaches 0.48m. In conclusion,
the optimal preview control method of multi-objective
comprehensive dynamics for VTT trajectory tracking
is effective.

0 100 200 300 [ 100 200 300

Lateral deviation(m)
S

-0.02- 1
0 10 20 30

Time(s)

Fig. 8. Trajectory tracking control effect.

Time(s)

Fig. 9 is the variation curve of the dynamic
performance index of VTT under the optimal preview
control algorithm. It can also be seen from the Fig. 9(a)
and Fig. 9(b) that the yaw rate of the front car body can
follow the desired value quickly and stably, and the
yaw rate of the middle and rear car bodies is basically
synchronized with the trend and amplitude of the front
car body, and the articulation angles of VTT can

J. CSME \Wol.44, No.6 (2023)

accurately the desired values. It can be seen from Fig.
9(c) and Fig. 9(d) that the centroid sideslip angle and
lateral acceleration of each car body of the train are in
the stable range and far less than the critical value,
indicating that the train has great stability.

20 30

Time(s) Time(s)

Fig. 9. Dynamic performance index with

comprehensive optimal control algorithm.

Analysis of Control Effect under Low Adhesion
Pavement

When VTT runs on roads with different
adhesion conditions, its dynamic performance
parameters will change, mainly due to the change of
tire cornering stiffness, resulting in insufficient lateral
force provided by the ground, which brings some
challenges to the performance of the controller.
Therefore, it is necessary to verify the effectiveness of
the control algorithm on the low adhesion road. In this
paper, the wet and slippery pavement with the
adhesion coefficient 4=0.4 is used for calculation and
analysis, and the simulation results are shown in Fig.
10.

Fig. 10 (a) shows that the train can still follow
the reference path on the low adhesion road at 10m/s.
Fig. 10(b) and Fig. 10(c) also show that the yaw rate
of each car body and the articulation angle between car
bodies can quickly follow the desired value and remain
stable. On the low adhesion road, because the ground
cannot provide sufficient lateral force, the train will
cause large lateral deviation during lane change, and
the controller can correct the deviation in time. As
shown in Fig. 10(d), the maximum deviation is 0.092m
and finally converges to 0.

Fig. 10(e) and Fig. 10(f) show that the centroid
sideslip angle and lateral acceleration of each car body
are limited within a given safety interval during lane
change. To sum up, the control algorithm can better
follow the reference path on the low adhesion road and
has good stability.
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Fig. 10. Trajectory tracking control effect on the low
adhesion road.

Analysis of Control Effect under Different Speeds

To verify the robustness of the controller to the
change of the speed, the controller with the same
parameters is used to control the VTT following the
reference path, and the control effect of the controller
under different speeds is analyzed. From low speed to
medium high speed, three speeds are selected for the
simulation experiment, which are 5m/s, 10m/s and
15m/s, respectively, and select the pavement with
better adhesion conditions, x=0.8.

Fig. 11 shows the simulation results. Fig. 11(a)
shows that at different speeds, the maximum lateral
deviation of train body centroid at different speeds are
0.029m, 0.053m and 0.082m respectively, which are
kept in a small range, indicating that the train has good
path following performance and strong robustness to
speed. Fig. 11(b) and Fig. 11(c) show that the centroid
sideslip angle and lateral acceleration of the rear body
of the train always remain within the constraint range
at different speeds, and are far lower than the limit
value, indicating that the train has strong stability.
Therefore, the control algorithm can meet the
requirements of low speed to medium high speed.
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Fig. 11. Control effect comparison at different speeds.

Analysis of Control Effect under Combined Curve
Condition

In the actual operation, the train will run on
various combined lines, and the change of line
curvature is also an external interference. Therefore, it
is necessary to analyze the adaptability of the control
algorithm to the combined curve. Fig. 12 shows the
designed simulation test curve, mainly including
straight line, large curvature radius curve, small
curvature radius curve, positive and negative curvature
radius change. Table 2 shows the specific parameters,
with the minimum curvature radius of 25m and the
maximum curvature radius of 50m.

Starting point

I

v

. s L
Running direction

Fig. 12. Combined test curve.

Table 2. Reference line parameters.

Name Type Size parameters Speed
S1 Straight line L1 =200m

S2 Circular curve R1=50m

S3 Straight line L2 =70m

sS4 Circular curve R2 =50m 10m/s
S5 Straight line L3 =170m

S6 Circular curve R3 =25m

S7 Straight line L4 =100m

Fig. 13 is the control effect under combined
curve. It can be seen from Fig. 13(a) that VTT can well
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follow the combined curve, and from the enlarged
diagram of the intersection of each straight line and
curve, it can be seen that the train can well adapt to the
change of curve and has good adaptability. Fig. 13(b)
shows the lateral deviation of the train. At the
intersection of straight line/curve, the lateral deviation
of the train changes greatly. From the whole process,
the maximum lateral deviation is only 0.018m, which
also shows that the train has good path-following
performance. Fig. 13(c) shows the change of
articulation angle between train bodies. It can be seen
that each articulation angle can stably and accurately
track the desired value during the operation of the train,
ensuring the stability of the train.
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Time(s)
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0 10 20 £11] 40 50 ol 0 &0 Gib
Time(s)

Fig. 13. Control effect under combined curve.

In terms of stability, Fig. 14(a) shows that the
centroid sideslip angle of the train has changed greatly
at the intersection of straight line and curve, with the
maximum value of 2.96 °, which is far lower than the
limit value. Similarly, Fig. 14(b) shows the lateral
acceleration of the train, with the maximum value of
2.1m/s?, which is still far lower than the limit value,
indicating that the train has strong stability in the
process of following the combined curve.
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Fig. 14. Dynamic performance index under combined
curve.
CONCLUSIONS

In this paper, the optimal preview control method
of multi-objective comprehensive dynamics for virtual
track train path following has been proposed. By
constructing the reference value sequence including
the path following performance index and yaw
stability index, and introducing the prediction
information, the track following performance and
stability requirements of the virtual track train can be
considered, and the reaction speed of the control
system can be improved. Through simulation test
analysis, the following conclusions can be drawn:

(1) The simulation results show that the proposed
algorithm can improve the response speed of train
following and adapt to the curve path better than that
without comprehensive preview information. The
maximum lateral deviation is 0.053m, which is
reduced by 89% and greatly improves the accuracy of
train following. At the same time, the centroid sideslip
angle and lateral acceleration of the train are kept
within the set safety range, indicating that the train has
good stability.

(2) Through simulation analysis, the control
algorithm can meet the adaptability requirements of
the train under the condition of low adhesion road.
When the train follows the lane changing path on the
lane changing path with the adhesion coefficient 0.4,
the maximum lateral deviation is 0.09m, the maximum
the centroid sideslip angle is 2.81°, which is within the
safety range of + 3° and the maximum lateral
acceleration is 1.03m/s?, all of which are within the
safe range.

(3) The control algorithm can adapt to the change
of train speed from low speed to medium high speed.
When the train runs at a low speed of 5m/s, the
maximum lateral deviation of the car body is 0.31m.
When the train runs at higher speed of 15m/s, the
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maximum lateral deviation of the car body is 0.89m,
and the dynamic performance index of the train at
different speeds remains within the safe range.

(4) The control algorithm can adapt to the sudden
change of the composite curve curvature. The
maximum lateral deviation of the train at the
intersection of the minimum curve with a radius of
25m and the straight line is 0.018m. and the dynamic
performance index of the train on the composite curve
curvature remains within the safe range.
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APPENDIX
P11 = v (my +m, +m3);
P12 = —[my(Ly + L) + my(Ly + Ly + Ly, + L3)];
P13 = MyLy + m(Ls + Ly + Lyy);

[sz(Lz—az)+k2r(L2+bz)+k3f(L2+Lzr+L3—a3)+k3r(L2+Lzr+L3+b3)]
;

P1a = -
Prs = Mals; Prg = [sz(L3*a3)+k3r(L3+b3)];

D21 = — VL (my +my);

D2z = Iy + myLy(Ly + L) + mgLy (Ly + Ly + Loy + Ls);
P2z = —[maLiLy + mgLy(Ly + Loy + L3)];

_ [k3fL1(Lz+L2r+L3—a3)+k3rL1(Lz+L2r+L3+bz)+ker1(L2+bz)],

Vx

P24 =

Ux
. [k3 pL1(L3—ag)+k3rLy (L3 +b3)],
P2s = —M3lyLs; pye = )

P31 = —[maly + ms(Ly + L))

D32 = Lz + myLy(Ly + Ly) + mg(Ly + Lap)(Ly + Ly + Lor +
Ls);

P33z = _[122 +my * Ly* +my(Ly + Lyy)(Ly + Ly + L3)]i

p.

Vx

34 =
{kapcap(La=a) +kor(La+b2)? +(La+Lor)[kaf (Lo +Lar+Ls—az) +kar(La+Lar+Ls+b3)]}
Vx
_ (La+Lop)[k3p(Lz—az)+kar(La+bs)] |
H

P3s = —mzLls(Ly + Lpr);  D3e = o
—M3L3Vy; Paz = I3 + mgla(Ly + Ly + Ly + L3);

Par =

Pas = —[lzzs + m3Ls(Ly + Ly + L3)];

Paa = — [kng3(L2+L2r+L3—a3)+k3r(L3+b3)(Lz+Lz,+L3+b3)].
aq = )

Vx

k L3— kar(L3+b3)?
Pas = _(123 +m3L32); Pag = _[ 37¢3(L3—az)+ksy(L3+b3)?]

Vx

qu1 = —(kay + ko + kg + Kyp + kap + kg, )

q1z = —(My + My + M3) vy + [kepbs — kypay + ko (L + Ly —
) + kgp(Ly + Ly + by) + kap(Ly + Ly + Loy + Ly — az) +
ks (Ly + Ly + Loy + L3 + b3)]/vy;

q14 = —(sz + k2r + k3f + k3r);

Gz1 = kiyby — klfal + (sz + kyr + k3f + ksr)Lﬁ

G2z = VL (my +my) — [kypa, + kyby® + koprLi(Ly + Ly —
ay) + Loy Li(Ly + Ly + by) + kgpLy(Ly + Ly,

+L3 —ag) + ks Ly (Ly + Ly + Loy + Ly + b3)] /vy

Goa = Ll(sz + kyr + k35 + k3r); Q26 = Ll(k3f + k3r);

Gs1 = KopCop + kg (L + b3) + (Ly + LZr)(k3f + ks, );

Q32 = Ve[myLy + my(Ly + Lop)] — [kapcap (L + Ly — ap) +
kyr(Lz + b3)(Ly + Ly + by) +ksp(Ly + Lop)(Lz + Loy + L3 —
az) + k(L + Lyp)(Ly + Ly + Loy + Ly + b3)] /vy

Q34 = kapCop + kgr(Ly + by) + (K3p + K3y ) (Ly + Lyy);

@36 = (kap + kap) (L + Lyy);

Qa1 = kapcs + k3 (L + b3);

qaz = M3Lavy — [kapC3(Ly + Ly + Ly — a3) + kar(Ls + b3)Ly +
Ly + Lyr + Lz + b3))]/vy;

Qaq = k3pC3 + k3 (L + b3); que = kzpcz + ks (Lg + bs);

Tiy =Tip = Kyp) iz =114 = Kypy Tis =16 = kpps 17 = T1g =

kory Ti9 =T110 = kg T111 = T112 = kar
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Ty1 =Ty = kyfQy; To3 = T4 = —Likyy Tos = 1pg = —Likyy;
Ty7 = Tog = —Likyy; 129 = 1319 = —Liksp;

To11 = Ta12 = —Likay) To13 =T215 = d; 1214 =T216 = —d,;
T3 = T3y = —Copkap; 133 =134 = —(Ly + by)kay

T35 =136 = —(Ly + bz)ksf;7”37 =135 = —(Ly + by)ksy; 139 =
T311 = d; T390 = 1312 = —d;

Tay =Tyy = —C3K3pTyz = Taq = —C3(Lz + b3); s =147 = d;

Tye = Tag = —d;

Q31 = Q33 = Qy; Q33 = Azq = —Ly; Q35 = a3 = —Ly; a37 =
G3g = —Ly; A39 = A319 = —Ly;

(311 = Q312 = —Ly; Q313 = A315 = d; Q314 = 316 = —d; a3 =
A3y = —Cpf; Q33 = A34 = —(Ly + by)

a35 = aze = —(Ly + by); az; = aze = —(Ly+by); azgeo =

a311 = d; d310 = dz1p = —d;

(a1 = Qap = —C35 Q43 = Agq = —C3(L3 + b3); Qs =Ty7 = d;

Tye =Tyg = —d

Li=bi+cy; Ly=a;+¢p Ly = by + o5 Lz =a3+ ¢4

NOMENCLATURE
m, Front car body mass
m, Middle car body mass
my Rear car body mass
I,, Front car body yaw moment of inertia
I,, Middle car body yaw moment of inertia
I,; Rear car body yaw moment of inertia
a, Distance between the front axle of the front

vehicle and the mass center of the car body
b, Distance between the rear axle of the front
vehicle and the mass center of the car body
c; Distance from the rear axle of the front vehicle to
the first articulation point
a, Distance between the front axle of the middle
vehicle and the mass center of the car body
b, Distance between the rear axle of the middle
vehicle and the mass center of the car body
¢, Distance from the front axle of the middle vehicle
to the first articulation point
¢, Distance from the rear axle of the middle vehicle
to the second articulation point
a; Distance between the front axle of the rear
vehicle and the mass center of the car body
b; Distance between the rear axle of the rear vehicle
and the mass center of the car body
¢  Distance from the front axle of the rear vehicle to
the second articulation point
kis Tire cornering stiffness of front axle of
front vehicle
k., Tire cornering stiffness of rear axle of
front vehicle
k,s Tire cornering stiffness of front axle of
middle vehicle
k,, Tire cornering stiffness of rear axle of
middle vehicle
ks Tire cornering stiffness of front axle of
rear vehicle
ks, Tire cornering stiffness of rear axle of
rear vehicle
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