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ABSTRACT 
 

The tooth flank of a ground helical gear is 
conventionally crowned by adjusting the radial feed of 
the grinding worm while the grinding worm is moving 
axially with respect to the working gear in a modern 
computer numerical control (CNC) gear generating 
grinding machine. However, the tooth flank of a 
helical gear crowned using this modified radial feed 
method is frequently twisted. Therefore, we propose a 
tooth flank modification method for helical gears with 
the grinding worm fed diagonally (combined 
tangential and axial feed) while the grinding worm is 
meshing with the working gear in a grinding machine. 
In addition, the grinding worm is dressed by the 
dressing disk with additional tangential dressing 
motion (TDM) while the dressing disk is moving 
axially with respect to the rotating grinding worm. 
Because all the required corrective motions for the 
proposed TDM method are existing CNC controlled 
axes in modern gear grinding machines, the proposed 
method can be implemented easily without modifying 
the grinder hardware. Two numerical examples are 
presented to validate the proposed TDM tooth flank 
modification method with four simultaneously 
controlled axes 
 

INTRODUCTION 
 

Involute helical gears generated by a grinding 
worm in a generating grinding machine are widely 
used in industry for high productivity. However, a 
twisted tooth flank results when the tooth crowning for 
a hel ical gear is manufactured using such a  
 

 
 
 
 
 

generating grinding process. To avoid such twist flank 

modification, several methods have been proposed 
that involve using five-axis motion flexibility of a 
computer numerical control (CNC) grinding machine. 
However, the anti-twist effect is limited by modifying 
the CNC corrective motions only if the geometry of 
the grinding worm is maintained similarly to that of a 
standard worm surface. Therefore, we propose a tooth 
flank modification method for grinding helical gears 
that entails using an existing generating grinding 
machine without additional effort or costs to modify 
the grinder hardware. 

Litvin, Zhang, and Handschuh (1988) proposed a 
generation process with a five degree of freedom 
(DOF) mechanism for modifying the tooth flanks of 
involute gears to prevent gear edge contact and reduce 
transmission errors. Bouzakis (1995) proposed a 
methodology for optimizing the tangential tool shift in 
gear hobbing. The helical gear tooth geometry and 
basic meshing equations are derived from Litvin (2004) 
and Dudley (2011). Karpuschewski et al. (2008) 
illustrated a finishing tool and dressing motion by 
detailing a gear finishing tooth surface and working 
process. The bias error of helical gear tooth flanks 
caused by radial feed adjustment cutting methods was 
aptly explained by Lange (2009), who also proposed a 
methodology for optimizing it according to contact 
behavior. Xu et al. (2009) illustrated the effects of axis 
deflection and bias errors on a tooth surface and the 
stress distributions of a hypoid gear.  

Chen et al. (2009) employed a mathematical 
model to simulate a gear hobbing process with two 
DOFs. To further support the application of gear 
hobbing and grinding machines, Siemens researchers 
(2012) developed a specialized function—an 
electronic gear box bundled into their CNC 
controller—to reduce the effort of CNC programing 
for hobbing processes. Fan et al. (2008) proposed flank 
correction methodologies based on the CNC hypoid 
gear generator. Winkel (2010) developed a hobbing 
process for crowned gears with a diagonal feed that 
reduced tooth flank twist in the workpiece. 
Shih and Chen (2012) have proposed a tooth flank 
modification grinding method with a high-order 
correction based on a five-axis CNC gear profile 
grinding machine for reducing tooth flank twist. Hsu 
et al. (2014) have proposed a modified hob with 
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variable tooth thickness for reducing tooth flank twist 
in longitudinal crowning. Tran et al. (2014) proposed 
a low-twist hobbing process with its tangential feed as 
a second-order function of axial movement that 
involves using a dual-lead hob cutter with a pressure 
angle change. Jiang and Fang (2015) used six-axis 
high-order tooth flank corrective motion in a CNC 
hobbing machine by employing sensitivity analysis to 
reduce tooth flank twist. 

In this paper, we propose a tooth flank 
modification method for helical gears with a grinding 
worm fed diagonally (combined tangential and axial 
feed) while the grinding worm is meshing with the 
working gear in a grinding machine. The grinding 
worm is dressed by the dressing disk with additional 
tangential dressing motion (TDM) while the dressing 
disk is moving axially with respect to the rotating 
grinding worm. With such four CNC axis corrective 
motions and the modified TDM grinding worm, the 
twist of a modified tooth flank can be reduced to a 
negligible level. Because all the required corrective 
motions for the proposed TDM method are the existing 
CNC controlled axes in a modern gear grinder, it can 
be implemented easily without additional cost to 
modify the gear grinder hardware. Three numerical 
examples are presented to validate the proposed TDM 
tooth flank modification method with four 
simultaneously controlled axes 

 
.MATHEMATICAL MODEL OF 

DRESSING A WORM GRINDING 
WHEEL 

 
As shown in Figure 1, a generating grind 

machine for helical gears typically has six CNC 
controlled axes: three linear and three rotational 
movements. The axial feed Z is parallel to the 
workpiece rotation axis C. Moreover, the tangential 
feed X moves along the rotation axis of the grinding 
worm B. The radial feed Y is perpendicular to the 
workpiece axis C and along the infeed axis of the 
moving column. The workpiece rotates about axis C. 
The cross angle A is the angle between the grinding 
worm axis and workpiece rotation axis C. The 
grinding worm rotates about axis B, and the dressing 
disk rotates about axis V. In a typical gear grinding 
factory, the dressing disk is purchased from machine 
tool suppliers. The profile of a dressing disk, which is 
defined at the design stage, is generally custom-made. 
The grinding worm profile is shaped by a dressing disk 
through a form dressing process, and the working gear 
profile is generated by the grinding worm through a 
generating grinding process. If the tooth flank 
modification method for generating grinding were 
developed using the six existing CNC axes or their 
subsets, the developed tooth flank modification could 
be implemented through CNC programing without 
changing any hardware of the grinding machine. 

 

Dresser

Work piece

+ Z

+ B

+ Y

- X

+ A

+ C

A = Grinding worm cross angle axis
B = Grinding worm rotational axis 
C = gear rotational axis
X = Tangential axis
Y = Radial axis
Z = Axial axis

V
Grinder

Fig. 1 Definition of axes in a gear grinding machine 
 

The grinding worm is dressed by a rotating dressing 
disk mounted on the V axis, as shown in Fig. 1. The 
dressing process requires five DOFs and the X, Y, Z, 
V, B, and A axes in the grinder. In the conventional 
dressing process, the grinding worm is a thread of a 
constant pitch. The grinding worm rotates and moves 
axially at constant speeds; that is, two simultaneously 
controlled axes, B and X, are required in the 
conventional dressing process. The other four axes—
Y, Z, V, and A—are the machine settings that are 
maintained constant during the dressing process.   

However, in the proposed tooth flank 
modification method, the grinding worm is dressed 
with three simultaneously controlled axes, B, X, and Z, 
whereas the other three axes, Y, A, and V, are the 
machine settings. The movement Z provides an 
additional tangential shift with respect to the grinding 
worm. The coordinate systems for the grinding worm 
dressing process are shown in Fig. 2, in which 
coordinate systems 𝑆𝑆𝑤𝑤(𝑥𝑥𝑤𝑤 ,𝑦𝑦𝑤𝑤 , 𝑧𝑧𝑤𝑤)  and 
𝑆𝑆𝑑𝑑(𝑥𝑥𝑑𝑑 ,𝑦𝑦𝑑𝑑 , 𝑧𝑧𝑑𝑑) are rigidly connected to the grinding 
worm and dresser, respectively.  
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Fig. 2 Coordinate system of the schematic generation 

mechanism for grinding worm dressing 
 
The coordinate system 𝑆𝑆2(𝑥𝑥2,𝑦𝑦2, 𝑧𝑧2)  is the 
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auxiliary coordinate system for the dressing feed. A 
CNC gear grinding machine involves three grinding 
worm movements: a traverse movement 𝐹𝐹𝑥𝑥(𝜙𝜙𝑤𝑤) 
along the axis of the grinding worm (the X axis 
movement), a tangential movement 𝐹𝐹𝑧𝑧(𝜙𝜙𝑤𝑤) along the 
axis of gear (the Z axis movement), and a rotary 
motion, the rotation of the grinding worm 𝜙𝜙𝑤𝑤 (the B 
axis motion). Because the dresser is circular, the 
dressing disk rotation angle can be disregarded in 
deriving mathematical formulas. 

The profile used to polynomial grinding worm 
that is generated by the dressing disk. The profile of 
the dressing disk is shown in Fig. 3.  

 

dx
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nα

nS
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Fig. 3 Coordinate system of the dressing disk profile 

 
This latter is combined with profile modification 

𝐹𝐹𝑝𝑝(𝑠𝑠),  as expressed in Equation (4) in polynomial 
form, to produce the dressing disk’s actual normal 
profile 𝚪𝚪𝑑𝑑(𝑠𝑠) . The surface position vector 𝚺𝚺𝑑𝑑,  the 
dressing disk’s normal vector 𝐍𝐍𝑑𝑑 ,  and its actual 
normal profile 𝚪𝚪𝑑𝑑(𝑠𝑠) can then be expressed as: 
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 (4) 
where ∓  indicates the right or left profile of the 
dressing disk, 𝑟𝑟𝑝𝑝𝑑𝑑 is the pitch radius of the dressing 
disk, and  𝑚𝑚  and 𝑚𝑚𝑛𝑛  are the module and normal 
module, respectively. The profile function  𝑥𝑥𝑑𝑑(𝑠𝑠)  is 
expressed as follows: 

 

( ) tan
2
n

d n
s

x s s α= ± 
                      (5) 

 
where 𝑆𝑆𝑛𝑛 = 𝑚𝑚𝑛𝑛 𝜋𝜋/2, And 𝛼𝛼𝑛𝑛 is the pressure angle, 
𝑆𝑆𝑛𝑛 is the tooth thickness, and ± and ∓ indicate the 
right or left profile of the dressing disk. 

 
The profile modification of dressing disk 𝐹𝐹𝑝𝑝(𝑠𝑠) 

is simplified as a third-order polynomial of a 
parameter. The degree of the polynomial is subject to 
change depending on the accuracy requirement. When 
a higher DOF is required for specific tooth profile 
modifications, a piecewise polynomial curve such as a 
cubic spline can be used. The modification effect on 
the dressing disk’s normal profile in terms of 
polynomial coefficients is outlined in Table 1, in 
which coefficients 𝜈𝜈1 − 𝜈𝜈3 are the design parameters 
to be used in tooth surface topology optimization.  

 
Table 1 Modification effect on the dressing disk 

profile in terms of polynomial coefficients 
Coeffi
cient Schematic diagram Modificatio

n Type 

𝒗𝒗𝟏𝟏 

s
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( )pF s
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pdr  Inflection 
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As shown in Fig. 2, the tangential dressing is 

formed by the dressing disk moving at axial feed 
𝐹𝐹𝑧𝑧(𝜙𝜙𝑤𝑤) as the grinding worm rotates at constant speed. 
The grinding worm tooth surface Σ𝑤𝑤  is derived as 
follows: 
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 (9) 
Here, 𝐋𝐋𝑤𝑤𝑑𝑑  is the upper left (3 × 3)  submatrix of 
𝐌𝐌𝑤𝑤𝑑𝑑 , and the crossed angle 𝛾𝛾𝑑𝑑𝑤𝑤 and operating center 
distance 𝐸𝐸𝑑𝑑𝑤𝑤  between the grinding worm and 
dressing disk axes correspond to machine settings.  

As Eq. (10) shows, the tangential feed of the 
grinding worm 𝐹𝐹𝑧𝑧(𝜙𝜙𝑤𝑤) is simplified as a second- and 
third-order polynomial. Parameter 𝑃𝑃𝑤𝑤  is the screw 
parameter of the grinding worm.  

Again, the degree of the polynomial is subject to 
change depending on the accuracy requirement, and a 
piecewise polynomial curve such as a cubic spline can 
be used when a specific modification requires a higher 
DOF.The modification effect on the grinding worm in 
terms of polynomial coefficients is illustrated in Fig. 4, 
where the coefficients 𝜈𝜈4 and 𝜈𝜈5  are the design 
parameters to be used in tooth surface topology 
optimization. The term 𝑏𝑏𝑤𝑤  represents the working 
length of the grinding worm, and 𝑏𝑏𝑤𝑤  is a constant 
value in the dressing process. 
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Fig. 4 Modification effect on the dressing disk 

profile in terms of polynomial coefficients 
 
MATHEMATICAL MODEL OF GEAR 

GENERATING GRINDING WITH A 

WORM GRINDING WHEEL 
 

The CNC axes in a gear grinding machine and 
the corresponding coordinate systems for gear 
generating grinding are shown in Fig. 1. The motion 
control diagram for the gear grinding machine is 
shown in Fig. 5, in which the gear set icon defines a 
constant gear ratio applied to fulfill a specific relative 
motion between the working gear and grinding worm 
in a standard gear generating process. The curved table 
icon represents a modified function added to the 
corresponding standard constant gear ratio to modify 
the working gear’s tooth surface topology. The bold 
line indicates the proposed four-axis machining in this 
simulation. 

As Fig. 6 shows, coordinate systems 𝑆𝑆𝑤𝑤and𝑆𝑆𝑔𝑔 
are rigidly connected to the grinding worm and 
working gear, respectively, and coordinate systems 
𝑆𝑆3 ,  𝑆𝑆4 , and 𝑆𝑆5 , respectively, are the auxiliary 
coordinate systems defining the grinding worm’s 
tangential, radial, and axial feeds during the gear 
grinding process. The grinding worm has three 
movements: axial feed z along the axis of gear 𝑧𝑧𝑔𝑔, 
tangential feed 𝐹𝐹𝑇𝑇  along the axis of grinding worm 
𝑥𝑥3 , and radial feed 𝐹𝐹𝑅𝑅  along the center distance 
between the grinding worm and the working gear (the 
Z, X, and Y axes in Fig. 1). It also has two rotary 
motions: that of the working gear and that of the 
grinding worm (the C and B axis rotations in Fig. 1). 
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where ±  indicates the same or opposite rotational 
direction of the grinding worm and working gear. 
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where ∓  indicates the same or opposite rotational 
direction of the grinding worm and working gear. The 
terms 𝛽𝛽𝑔𝑔  and 𝜆𝜆𝑤𝑤  denote the helical angle of the 
working gear and the lead angle of the grinding worm, 
respectively. 
 

7
1

tanR gw
n

F E v
α

= +
                (16) 

gw pg pw ngE r r x= + +
                    (17) 

 
where 𝑟𝑟𝑝𝑝𝑔𝑔  and 𝑟𝑟𝑝𝑝𝑤𝑤  denote the pitch radius of the 
working gear and grinding worm, respectively, and 
𝑥𝑥𝑛𝑛𝑔𝑔 is the profile shift of the workpiece. 
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Fig. 6 Coordinate system of the schematic 
generation mechanism for gear grinding 

 
SURFACE NORMAL DEVIATION 

TOPOGRAPHY OF THE WORKPIECE 
AND SENSITIVITY MATRIX 

 
Tooth surface normal deviation topography is 

commonly used to depict the effect of tooth surface 
modification. First, the working gear tooth surface is 
digitized as a grid mesh with a varied transverse 
section (𝑍𝑍𝑖𝑖) in the lead direction and a varied radius 
(𝑅𝑅𝑖𝑖 ) in the profile direction (Fig. 7). The normal 
deviation of the tooth flank can then be calculated at 
the grid points with specified (𝑍𝑍𝑖𝑖, 𝑅𝑅𝑖𝑖) by comparing the 
modified tooth flank surface 𝚺𝚺𝑔𝑔 of the working gear 
with the standard working gear surface 𝚺𝚺𝑔𝑔′ . The 
normal deviations 𝑚𝑚𝑖𝑖  of the working gear and 
standard gear tooth surfaces at grid points can be 
obtained by solving the following simultaneous 
system of equations: 
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As illustrated in Fig. 7, the standard working 
gear surface, drawn as a flat grid mesh of thin black 
lines, is the datum for comparison with the modified 
tooth surface, which is drawn in thick red lines. The 
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total number p of mesh grid points is 𝑝𝑝 = 5 × 5 = 25, 
with a 5 x 5 mesh on each of the two surface sides 
shown. The outward normal deviation indicates that 
the modified tooth surface is thicker than the standard 
tooth surface, whereas the normal deviation 
topography reveals the differences between the work 
piece and standard gear tooth surfaces. The mesh grid 
points can be expressed as follows, where 𝑟𝑟𝑚𝑚 is the 
center of the tooth profile and can be defined as 
0.5(𝑟𝑟𝑠𝑠 + 𝑟𝑟𝑒𝑒) . The terms 𝑟𝑟𝑠𝑠  and 𝑟𝑟𝑒𝑒  are respectively 
the start and end of the active profile.  
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Fig. 7 Normal deviation topography for the 5 × 5 

mesh grid points on tooth surface 
 
We now require a methodology for determining 

the design variables (υ1 − υ9) for the tooth surface 
modification that optimally approximates the desired 
tooth surface topology. The most common methods for 
deriving such variables are singular value 
decomposition (SVD) and least squares error 
estimation (LSE) with a weight method, although a 
sensitivity matrix is also required for surface 
approximation. Because the sensitivity matrix Ms is 
the first partial differentiation of the surface normal 
deviation mi with respect to design variables υj , a 
change in the normal deviation δmi at the ith point is 
a linear combination of the normal deviation change 
resulting from varied change δvj  in the design 
variables. Hence, the desired normal deviation 
topography is given (i.e., {δmi} is known):  
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Table 2 Basic parameters for the workpiece, standard 

gear, grinding worm, and dressing disk 
Gear Data  
Number of teeth (𝒛𝒛𝒈𝒈) 19 
Normal module (𝒎𝒎𝒏𝒏) 3.5 
Normal pressure angle (𝛂𝛂𝒏𝒏) 17.5° 
Face width (𝒃𝒃𝒈𝒈) 40mm 
Helix angle (𝜷𝜷𝒈𝒈) 35° L.H. 
Outside diameter (𝒓𝒓𝒂𝒂𝒈𝒈) 88.5315mm 
Root diamerter (𝒓𝒓𝒓𝒓𝒈𝒈) 72.4315mm 
Normal circular tooth thickness (𝑺𝑺𝒏𝒏)  5.4978mm 
Normal coefficient of profile shift (𝒙𝒙𝒏𝒏) 0 
Form diameter 76.2065mm 
Grinding Worm Data  
Number of teeth (𝒛𝒛𝒘𝒘) 3 
Outside diameter (𝒓𝒓𝒂𝒂𝒘𝒘) 200mm 

Lead angle (𝝀𝝀𝒘𝒘) 3.1472° 
L.H. 

Center distance (𝑬𝑬𝒘𝒘𝒈𝒈) 136.2160mm 
Crossed angle (𝜸𝜸𝒘𝒘𝒈𝒈) 121.8528° 
Use area length (𝒃𝒃𝒘𝒘) 48.1042 
Dressing Disk Outside diameter (𝒓𝒓𝒂𝒂𝒂𝒂) 123mm 
Dressing Disk Center distance (𝑬𝑬𝒂𝒂𝒘𝒘) 153.45mm 
Dressing Disk Crossed angle (𝜸𝜸𝒂𝒂𝒘𝒘) 3.14723° 

 
Table 3 Tooth flank sensitivity topographies for 

changes in the design variables, δ = −0.05 
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Although the sensitivity matrix 𝐌𝐌𝑠𝑠  can be 
calculated using numerical differentiation, because the 
number of grid points is higher than the number of 
design variables, the matrix is nonsquare. Hence, 
changes in the design variables in system Eq. (23) can 
be solved optimally by using a linear regression 
technique such as LSE: 

 
{ } [ ] { }S ( 1, 2..., ; 1, 2..., 9)j i iw m i p jυ = = =IM

(23) 
 
To depict the changes in tooth surface 

topography resulting from design variable 
modification, we use a numerical example based on 
the basic workpiece, grinding worm, and dressing disk 
data listed in Table 2. And Table 3 reports the tooth 
surface sensitivity topographies δmi  for each 
modified design variable δvj. Because the sensitivity 
matrix is nonsquare and generally ill-conditioned, we 
avoid numerical divergence by applying SVD to a 
pseudoinverse of sensitivity matrix Ms, which can be 
split as follows: 

 
[ ] T

S =M U W V                           (24) 
[ ] T

S =IM VW U                           (25) 
 
where U and V comprise a unitary matrix, and W 

is a diagonal eigenvalue matrix with nonnegative real 
numbers on the diagonal. The design variable changes 
in system Eq. (25) can be solved using SVD as follows: 
{ } [ ]{ } ( 1, 2,..., ; 1, 2..., 9)j s iIM I i p jδυ = = =    (26) 

 
where 𝐖𝐖+ is the pseudoinverse of 𝐖𝐖, which is 

formed by replacing every nonzero diagonal entry 
with its reciprocal and transposing the resulting matrix. 
The modified value 𝐈𝐈𝑖𝑖 on the mesh grid points of a 
tooth surface can be expressed as follows, with the 
superscript representing loop times: 

 

22
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− −
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 (27) 
where 
Ω𝑟𝑟1 additional pressure angle 
Ω𝑟𝑟2 profile crowned value 
Ω𝑧𝑧1 lead conical value 
Ω𝑧𝑧2 lead crowned value 
 
By calculating the difference between the 

calculated and modified tooth surface as input at the 
next representing loop. The coefficient and total error 
of the loop can be expressed as shown Fig. 8 to obtain 
the correct coefficient through the loop operation. The 
design variable 𝑣𝑣𝑖𝑖 is set at zero in the first trial, and 
the change in the design variable 𝛿𝛿𝑣𝑣𝑖𝑖  is calculated 
using Eq. (26) with the given residual error topography 
{𝛿𝛿𝑚𝑚𝑖𝑖}. The modified design variables 𝑣𝑣𝑖𝑖 − 𝛿𝛿𝑣𝑣𝑖𝑖 and 
the corresponding gear generating motions are 
calculated by substituting 𝑣𝑣𝑖𝑖 − 𝛿𝛿𝑣𝑣𝑖𝑖  into the 
polynomials (Eqs. (4), (8), and (20)) to derive the final 
equation of the machine settings. The aforementioned 
process can be repeated iteratively until the residual 
error topography {𝛿𝛿𝑚𝑚𝑖𝑖} is within a certain tolerance 
or remains unchanged. 

 

 
Fig. 8 Convergence loop flow chart 

 
NUMERICAL EXAMPLES 

 
We validate our proposed TDM tooth surface 

modification method by using three numerical 
examples, the first two of which involve typical lead 
double-crowning and conical as the target tooth 
surface modification but entail using a conventional 
radial feed method and the TDM method, respectively. 
In both examples, the twist of the tooth flank is greatly 
reduced. 

The third example, by contrast, has different 
processes on the left and right tooth surfaces with the 
modified lead and profile as the target tooth surface 

https://en.wikipedia.org/wiki/Multiplicative_inverse
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modification topology; however, it employs a TDM, 
which has been shown to be effective for tooth 
modification. 

 
Example 1 

This example uses a 19-tooth, 35° R.H. helical 
working gear ground by a three-starts grinding worm, 
whose basic data (working gear, grinding worm, and 
dressing disk) are listed in Table 3. The target tooth 
surface modification is shown in Table 6, whose left 
column lists the normal deviation 𝛿𝛿𝑚𝑚𝑗𝑗  at each grid 
point. 

 
Table 4 Modified values in the profile and lead 

directions for the workpiece in example 1 
tooth Presure 

angle 
Profile 
crowned 

Lead 
conical 

Lead 
crowning 

 Ωr1 Ωr2 Ωz2 Ωz1 
right 0 0.005mm 0.025mm 0 
left 0 0.005mm 0.025mm 0 

 

 
Fig. 9 Tooth surface deviation topography double 

crowning through TDM 
 

As shown in Fig. 9, the TDM method can be used 
in a modified double-crowning tooth case. The 
convergence errors are shown in Fig. 10. This 
convergence method can markedly reduce the error of 
the pseudoinverse matrix. As Fig. 9 shows, the 
modified tooth topology is very close to the target 
tooth surface. Obviously, the twist on the crowned 
tooth surface was dramatically reduced. 

The simulation results are shown in Figs. 11–14. 
The profile modified of dressing disk is shown Fig. 11. 
The tangential dressing feed motion as shown in Fig. 
12 and the surface deviation topography of the 
grinding worm is shown in Fig. 13. The additional gear 
rotation angle is shown in Fig. 14. 

 

1

2

10μm 0.6μm

5

0.2μm

 
Fig. 10 Total errors in a convergence loop 

 

 
Fig. 11 Modified value of the dressing disk profile 

 

 
Fig. 12 Tangential feed variables in the dressing 

process (TDM) 
 

 
Fig. 13 Surface deviation topography of a grinding 

worm 
 

 
Fig. 14 Additional gear rotation angle feed variables 

in the grinding process 
 
Example 2 

The basic working gear data and target tooth 
surface modification, shown in Table 5, are the same 
as those in example 1. However, the tooth surface is 
modified using the proposed TDM, whose feed 
variables are solved using SVD (Table 4). We verify 
the effectiveness of the proposed TDM by using a 
large conical tooth surface modification. The basic 
working gear and grinding worm data are the same as 
those for example 1. The modified value of the tooth 
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surface topology is shown in Fig. 15. 
 

Table 5 Modified values in the profile and lead 
directions for the workpiece surface in example 2 

 Presure 
angle 

Profile 
crowned 

Lead 
conical 

Lead 
crowning 

 Ωr1 Ωr2 Ωz2 Ωz1 
right 0 0.005mm 0.050mm 0.100mm 
left 0 0.005mm 0.050mm 0.100mm 

 
Again, the tooth surface is modified using the 

proposed TDM with the design variables solved using 
SVD. Not only is the modified tooth topology very 
close to the target tooth surface topology (Fig. 15), but 
the maximum error of approximately 0.3  µm  is 
negligible. This outcome clearly demonstrates that the 
proposed TDM is valid for conical tooth surface 
modification. 
 

 
Fig. 15 Tooth surface deviation topography modified 

by TDM 
 

 
CONCLUSIONS 

 
Conventionally, the tooth flank of a ground 

helical gear is crowned by adjusting the radial feed of 
the grinding worm while the grinding worm is moving 
axially with respect to the working gear in a modern 
CNC gear generating grinding machine. However, the 
tooth flank of a helical gear crowned using this 
modified radial feed method is frequently twisted 
when the amount of crowning and the helical angle of 
the gear are large. Hence, we propose a tooth flank 

modification method for helical gears that involves 
using a diagonal (combined tangential and axial) feed 
combined with gear rotational angle modification in 
the grinding machine. The used grinding worm is 
obtained by adjusting the tangential dressing feed of 
the dressing disk with respect to the grinding worm’s 
rotating angle. Based on our two numerical examples, 
the proposed TDM method is easily implemented for 
tooth surface modification in a general CNC gear 
grinding machine because all the corrective motions 
are existing CNC controlled axes in modern CNC 
machines. The proposed TDM method is effective in 
modifying tooth flanks, even with combined lead, 
profile, tapered, and pressure angle changes. The 
flexibility and effectiveness of mitigating twisted tooth 
flanks are superior to those of the conventional 
modified radial feed method for tooth crowning. 
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NOMENCLATURE 

 
𝛼𝛼𝑛𝑛 normal pressure angle 
𝑏𝑏𝑤𝑤 face width of grinding worm 
𝑏𝑏𝑔𝑔 face width of gear 
𝛽𝛽𝑔𝑔 helical angle of gear 
𝛿𝛿𝑚𝑚  change in the normal deviation 
𝛿𝛿𝑣𝑣𝑗𝑗 change value of design variables 
𝐸𝐸𝑑𝑑𝑤𝑤  center distance between dressing disk and 

grinding worm 
𝐸𝐸𝑔𝑔𝑤𝑤 center distance between grinding worm and 

workpiece 
𝐹𝐹𝑇𝑇 tangential feed when grinding 
𝐹𝐹𝑅𝑅 radial feed when grinding 
𝛾𝛾𝑑𝑑𝑤𝑤 cross angle between dressing disk and 

grinding worm 
𝛾𝛾𝑔𝑔𝑤𝑤 cross angle between grinding worm and 

workpiece 
𝜆𝜆𝑤𝑤 lead angle of standard grinding worm 
𝑚𝑚𝑛𝑛 normal module 
𝑚𝑚𝑤𝑤  gear ratio of grinding worm and workpiece 
p The total number of mesh grid points 
𝑃𝑃𝑤𝑤 screw parameter of the standard grinding 

worm 
𝜙𝜙𝐴𝐴 The actual crossed angle between grinding 

worm and workpiece 
𝜙𝜙𝐵𝐵 the rotating angle of grinding worm 
𝜙𝜙𝐶𝐶 the rotating angle of workpiece 
𝜙𝜙𝑤𝑤 rotation angle of grinding worm 
𝑟𝑟𝑒𝑒  End of active profile (EAP) 
𝑟𝑟𝑚𝑚 the center of tooth profile 
𝑟𝑟𝑝𝑝𝑑𝑑 pitch radius of dressing disk 
𝑟𝑟𝑝𝑝𝑤𝑤 pitch circle radius of grinding worm 
𝑟𝑟𝑝𝑝𝑔𝑔 pitch circle radius of gear 
𝑟𝑟𝑠𝑠 Start of active profile (SAP) 
s line parameter of dressing disk 
𝑠𝑠𝑛𝑛 tooth thickness of the gear normal surface 
𝜃𝜃 angle parameter of dressing disk 
𝑢𝑢𝑑𝑑𝑑𝑑 tangential feed parameter 
𝑢𝑢𝑑𝑑𝑧𝑧 axial feed parameter 
U comprise a unitary matrix of SVD 
V comprise a unitary matrix of SVD 
𝑣𝑣𝑖𝑖 i=1 ~3, i order coefficient of dressing disk 

profile parameter 
i=4~5, (i-2) order coefficient of dressing 
variable lead parameter 
i=6~9 , constant of grinding crossed angle , 
radial feed design , 2nd and 3rd rotation angle 
parameter 

W diagonal eigenvalue matrix of SVD 
𝑥𝑥𝑛𝑛𝑔𝑔 profile shift of the gear 
z axial feed parameter 
𝑧𝑧𝑤𝑤 Thread number of grinding worm 
𝑧𝑧𝑔𝑔 Tooth number of gear 
𝑧𝑧𝑖𝑖 topography grid mesh points in face width 

direction 
 
 
 

在創成齒輪磨床中利用切

向運動修整螺旋齒輪齒面 
 

陳冠宏    馮展華 
國立中正大學機械工程學系 

 
 

摘 要 
在創成磨齒加工螺旋齒輪的齒面時，為了進

行齒面隆齒修整，通常在蝸桿型式砂輪軸向進給

時透過同動徑向位移來形成修整動作。然而，徑向

進給的隆齒方法會造成螺旋齒輪的齒面扭曲。因
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此，我們提出了一種螺旋齒輪齒面隆齒修形方法，

運用蝸桿砂輪的對角進給，亦即蝸感式砂輪進行

加工齒輪的切向和軸向聯合進給來修整齒輪齒面

(TDM)。同時計算砂輪修砂時，運用附加的切向修

整運動(TDM)所需要的修砂輪廓。由於所提出的 
TDM 方法需要運動都是現代齒輪磨床中現有的

電腦數控軸，因此所提出的方法能無需修改齒輪

磨齒機的硬體設備來實現。本文以兩個數值範例

驗證磨齒加工螺旋齒輪時所提出的具有四個同時

控制軸的 TDM 齒面修整方法，來達到齒輪齒面

隆齒修整時避免齒面扭轉產生。 


