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ABSTRACT

The vibration of rotating ring has got attention
due to its wide application in engineering, such as
vibratory ring gyroscope. This paper proposes an
analytical model for the vibration of a rotating ring
subjected to uniform electric field. The static pull-in
voltage of a stationary ring is derived ahead the
vibration analysis of the rotating ring. Then, a
linearized electric-field model is derived and agrees
well with the non-linear model when voltage lower
than the static pull-in voltage. It is then applied on the
analysis of the vibrations and dynamic stabilities of the
rotating ring before static pull-in. The electric field
will introduce an equivalent negative stiffness, which
is proportional to the square of the voltage, into the
rotating ring and thereby soften the ring and probably
makes the vibration of the rotating ring unstable. The
most interesting is that once the voltage enters the
unstable region, one can further raise the rotational
speed higher than the so-called critical speed to escape
the unstable region. This is due to the initial stress
induced by centrifugal force, which is proportional to
the square of the rotational speed, makes the ring more
rigid.

INTRODUCTION

The vibration of rotating ring has got much
attention due to its broad application in engineering
(Soedel, 2005), such as tires (Huang, 1987), bearing
(Huang, 2013), compliant gears (Cooley, 2014),
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sensors (Kim, 2002), ... and so on. The issues to be
concerned in the vibration of ring includes the effects
of rotatory inertia, foundation stiffness, pre-stress,
rotation, and the forced vibration subjected to different
loading types such as harmonic force, periodic force,
distributed force, traveling load, ...and so on. (Soedel,
2005, Huang, 1987, Beli, 2015, and Huang, 2014)
Another example is the vibratory ring gyroscope,
wherein the vibration of the ring is actuated and sensed
by means of electrostatics. (Tao, 2011 and Esmaeili,
2006) It is an interaction between the structural
vibration and electric field. Such electromechanical
coupling problem has attracted attention in the last
decade. (Chuang, 2010) The author, Hu, had studied
the dynamic instability of a micro-beam subjected to
the action of alternative electric field for the first time
in 2004. (Hu, 2004) Since then, the dynamic
instabilities of microstructures under electric field
have been receiving much attentions continuously. Hu
et al. had ever studied the forced vibration of a ring
subjected to traveling electrostatic force. (Ye, 2012
and Li, 2014) Besides, the authors had published a
paper for the first time to derive an analytical model
for a rotating ring subjected to uniform electrical field.
(Yu, 2018) However, that analytical model is
applicable only in low rotational speed because of
ignoring the initial stress induced by the rotational
centrifugal force. Therefore, this paper is to modify
that analytical model to be applicable on higher
rotational speed by adding the initial stress induced by
centrifugal force.

The feature size of thin-ring is its small ratio of
thickness to radius, usually smaller than 0.1. (Beli,
2015) For example, the diameter of a vibratory ring
gyroscope is about several hundred micrometers while
its thickness and the gap between the ring and
driving/sensing electrodes are only about several
micrometers. (Tao, 2011, Esmaeili, 2006, and Ayazi,
2000) Therefore, it is reasonable to adopt the thin ring
theory and assume the electric field between the ring
and electrode to be uniform. Since the operation of a
vibratory ring gyroscope relies on its first two
bending-dominant vibrational modes, then it is
reasonable to assume the ring to be inextensible. The
proposed analytical model is based on thin-ring theory
and derived by means of Hamilton’s principle.

Before the vibration analysis, the authors study
the static equilibrium of a stationary ring under electric
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field to find the static pull-in voltage of the stationary
ring. Alinearized model of electric field is also derived
and agrees very well with the non-linear electric field
model at the voltage being lower than the static pull-in
voltage. Therefore, the linearized electric field model
is adopted to the vibration analysis of the rotating ring
under uniform electric field before pull-in. The
dynamic instabilities of the rotating ring before static
pull-in are studied as well. By considering the initial
stress induced by centrifugal force, one can find that
the dynamics of the rotating ring is very different from
the model ignoring the initial stress, such as the natural
frequencies and traveling speeds of the vibrational
modes and the dynamic stabilities before static pull-in
and the difference is significant at high rotational
speed. Thus, the initial stress induced by centrifugal
force cannot be ignored at high rotational speed. The
most interesting is that once the voltage between the
rotating ring and electrode enters the unstable region,
one can further raise the rotational speed to higher than
the critical speed to escape the unstable region. This
situation didn’t appear in the model ignoring the initial
stress.

STATIC PULL-IN PHENOMENON

This section details the static pull-in phenomenon
of a stationary ring under a uniform electric field. This
is an electromechanical coupling problem because the
deflection of the ring affects the electric field and the
vice versa. In this section, the static pull-in voltage due
to the non-linear electric field is derived firstly. Then a
linearized model of the electric field is derived based
on the assumption of small deformation. A comparison
of the non-linear and linearized models of the electric
field is made, which depict that the linearized model
agrees well with the non-linear model before static
pull-in.

Assumptions

Consider the stationary ring shown in Fig. 1(a).

()
Fig. 1. The schematic diagram of a ring surrounded by a circular fixed electrode; (a) a stationary (non-rotating)
ring; (b) a rotating ring with the rotational speed Q.
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The ring’s radius, a, is much larger than its thickness,
h, and the gap, g, between the ring and fixed electrode
is of the same order of magnitude of the ring’s
thickness. A uniform electric field along the radial
direction is produced by exerting an electrical
potential difference between the ring and electrode
(hereinafter simply referred to as “voltage”). This
subsection deals with the static equilibrium problem of
the stationary ring.  According to thin-ring theory, the
plane sections of the ring remain plane after
deformation and normal to the neutral surface, the
shear deformation in transverse direction is negligible
and the only significant strain is in the circumferential
direction. The inertia of the stationary ring is neglected
for static equilibrium problem. X-Y is a stationary
coordinate system; u, and u; denote the

circumferential and transverse deflections of the ring
respectively;  is the angular position on the ring

with respect to the stationary coordinate system; b
denotes the width of the ring respectively.

Non-linear Model

For a stationary ring subjected to uniform electric
field in static equilibrium, the mechanical strain
energy per unit width is (Huang, 1987)

U :IOM[ > (U, +u,)? + (u —uy }ada,(l)

wherein D = Eh%12 is bending stiffness and K = Eh is
membrane stiffness. The electric potential energy
stored in the electric field is (Hu, 2004, 2006)
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Therefore, the total energy, L, of the system is given
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L=U~+U,
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Since the electric field distributes uniformly around
the ring and along its radial direction, then the ring’s
static deformation under the uniform electric field is
uniform and symmetrical with respect to the center of
the ring. Thus, the static deflection of the ring is much
like the so-called breathing mode of a ring (Soedel,
2005) and one can assume the ring’s deflection shape
as the breathing mode, namely both u, and u, are

constants. By the assumed mode method, the total
energy of the ring can be written as:

2
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where J, a constant, is the deflection of the stationary
ring. The total energy is a function of the ring’s
deflection. Both the first- and second-order derivatives
of the total energy with respect to ¢ have to be zero at
the transition from stable to unstable equilibrium (Hu,
2006), i.e.

a4 oo 25a-5) =

do

42L L ()
d—é‘2:0:>(1—5)3:V02,

wherein 5§ and V, are respectively the
dimensionless deflection and the dimensionless

voltage,
— 4J&V?/(phg®) K
vozL,a,mz p (6)

a?’

(2T

and @, is the natural frequency of the breathing

mode. The static pull-in is an unstable equilibrium
state of a micro structure subjected to electrostatic
force. By solving equation (5), one can obtains the

dimensionless static pull-in voltage, V. , and the

in?

corresponding dimensionless static pull-in deflection,

5 -
V== ~054, 5= ™
27 3

Linearized Model

By means of Taylor’s series expansion, one can

expand the term, 1/(g —ug) , in the electric
potential energy with respect to the initial position,

namely u; =0:

1 1 u u? u
A R R TR (8)
g-u 9 ¢ g g

and truncates the third- and higher-order terms. Then,
the electric potential energy is linearized to be

U =—j2”£¢sv2 l+u—+
¢ 2 g ¢ ¢

J adg, (9)
and the total energy becomes
L=U+U,

_f”[z 7 (U +U)" (ug—u;’z}adﬁ(lo)
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Similar to the previous subsection, by the assumed
mode method, the total energy of the ring can be
written as:

2
j”K5 add— j”1v2(£+5 5jad0
27 g g

) , (11)
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The first-order derivative of the total energy with
respect to J has to be zero in static equilibrium (Hu,
2006), i.e.

dL 20+

—=0= ==V EYERVEEY
do 1+ 25) 20-V,?)

where the dimensionless voltage, V,, and deflection,
& , are defined as equation (6).

Comparison of the Non-linear and Linearized
Models of Electric Field

A comparison of the non-linear and linearized
electric field model is made. Although equation (7)
gives a closed-form solution for the voltage and
deflection at static pull-in, one has to solve the first
part of equation (5) to get the deflection at a certain
value of the voltage before pull-in. It is inconvenient
to solve the first part of equation (5) because of the
cubic equation. The cubic equation has three roots and
which one is correct still require determining based on
physical insight. Equation (12) gives an explicit and
easy-to-use solution for the stable equilibrium before
pull-in though the nonlinear static pull-in phenomenon
of electric field disappears. Fig. 2(a) shows the
comparison of the deflections obtained by the two
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Fig. 2. Comparison of the static equilibrium given by non-linear (dashed curve) and linearized (solid curve)
models of the electric field; (a) the deflections of the stationary ring versus the voltage; (b) the percentage
deviation of the linearized model from the non-linear model. Both the abscissa and ordinate are dimensionless.

electric field models, wherein the dashed curve is
obtained by the non-linear model, equation (5), and the
solid curve is obtained by the linearized model,
equation (12). The non-linear model has the pull-in

phenomenon occurring at V, =./8/27 while the

linearized one doesn’t. Fig. 2(b) shows that the
percentage deviation of the linearized model from the
non-linear one is small, less than 5%, before pull-in.
Thus, the linearized model of electric field is an
acceptable approximation before static pull-in. The
linearized electric field model for the case of micro
cantilever beam had been validated by experiment in
Hu’s published paper (Hu, 2004). In the following text,
the authors will adopt the linearized electric field
model to investigate the vibration of a rotating ring
subjected to uniform electric field at the voltage that is
lower than the static pull-in voltage.

DYNAMIC MODELS

This section details the derivation of equation of
motion for a rotating ring subjected to uniform electric
field. What the authors concerned is the rotating ring’s
vibration. The linearized model of electric field given
by the subsection of Linearized Model is adopted.
Based on thin-ring theory and inextensible
approximation, the analytical model of the rotating
ring subjected to a uniform electric field in radial
direction is derived by means of Hamilton’s principle.
This is an electromechanical coupling problem
because the deflection of the ring will affect the
electric field and the vice versa. Consider a ring
rotating at the speed of Q, shown in Fig. 1(b). The
basic assumptions are similar to that of the section of
STATIC PULL-IN PHENOMENON except that the
translational inertia of the rotating ring is considered.
A rotational coordinate system x-y rotating with the
ring is added and @ denotes the angular position on
the ring with respect to the rotational coordinate
system.

Energy Expressions

The Kinetic energy, T, and strain energy, U, per
unit width of the rotating ring are given by (Huang,
1987)

1 e .
T =Ephajo [(u3 —qu)2 + (U, +uQ+ aQ)ZJdH,(ls)

2z K ’ D ’ "
U :j'o [g(ug +u3)z+g(u9—u3 2}ade
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wherein the second integral of the strain energy is due
to the initial stress, pa’Q*, induced by rotational

centrifugal force. The initial stress induced by
centrifugal force is hereinafter simply referred to as
“initial stress.” By the use of the linearized electric
field model derived in the subsection of Linearized
Model, the work done of the electric field on the
rotating ring per unit width is

2 2
W:jz”gv 1% % g as)
o 219 ¢ ¢

wherein ¢ is the permittivity of free space. This work
is exactly the negative of the electric potential energy
stored in the electric field because the electric field is
a conservative field.

Dynamic Equations of Motion

If the motion of the rotating ring was along a
varied path deviating slightly from the true path, then
the variations of the aforesaid energy expressions were

27 . . .
5T = phaj0 [(4, +u,Q+aQ) Qdu, + (U, —u,Q) S, (16)
~ (U —u, Q) Q8U, + (U, +U,Q+aQ) s, |do,
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The so-called varied path is a small deviation in
deflection with respect to the true path in the same time
duration. Hamilton’s principle (Meirovitch, 1967) says
that the true path of a continuous system between the
two specified states at two time instants causes the
integral of the variation of total energy in time is
invariant along all possible varied paths, that is

2g“3 ]5u ado.  (18)

[* (U o —sw)dt=0. (19)

which gives rise to
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+ pQ%h(u, —2u; —u) }5u3ad0dt =0.

This equation was satisfied only if each of the
integrand in the double integrals equals zero and thus
gives rise to the equations of motion:

DU+ ) )+ ph(E - 200,)
a
ng ng (21)
+phQ* (2u, —ug R
D m
?(us - uo 2 (Uo + ua) (22)

+ph(li, + ZQus) + phQ?(-2u; —uy) =0.

The terms with Q are induced by the effects of
rotational motion, including the Coriolis force and
centrifugal force, and the terms with V are induced by
the electric field. Equations (21) and (22) could be
reduced to the case of a rotating ring without electric

field derived by Huang (Huang, 1987) if set V = 0.
That case had been validated with experimental data
in Huang’s paper. The most interesting of the present
model is that the electric field causes an equivalent
negative stiffness, —V?2/g*, which will soften the
ring.

Since the uniform electrical field is along the
radial direction of the ring, then there is no
circumferential forcing on the ring. So the transverse
vibration (bending modes) is predominant in the
present case. Substitute equation (21) into equation (22)
and use the inextensible approximation (Soedel, 2005),

Uy =—Uj, (23)

to eliminate u,. One can obtain an equation of motion

of a rotating ring under uniform electric field based on
inextensible approximation:

D(0%, 0%, &%, | &V? o,
— +2 + -
00°  “00* 00 ) ¢° 0#? (24)
o‘u d%u, o o%u 6 u
+ph o+4Q—S2 - —3)— 3 3
r {(682&2 cat o) Y o )}

NATURAL FREQUENCIES AND
DYNAMIC STABILITIES

This section details the derivation of the natural
frequencies for a rotating ring under a uniform electric
field. As mentioned in the section of DYNAMIC
MODELS, the electric field will introduce an
equivalent negative stiffness to the rotating ring and
thus soften it. For a non-rotating ring, only one natural
frequency corresponds to each wave number n.
However, the rotation effect will make the natural
frequency to each wave number n splitting into two
frequencies, one corresponds to the forward traveling
mode and another one to the backward traveling mode.
The traveling modes will be discussed in the following
section. The section of STATIC PULL-IN
PHENOMENON reveals that a stationary ring will be
pulled in when the voltage larger than the so-called
static pull-in voltage, which is a statically unstable
equilibrium between the mechanical restoring force
and electrostatic force. Hereinafter, the authors will
discuss only the vibration of the rotating ring at a
voltage lower than the static pull-in voltage. This
section will discuss the vibration of a rotating ring
subjected to a uniform electric field. The rotating ring
will reach dynamically unstable equilibrium at certain
values of rotational speeds and voltages even though

the voltage lower than the static pull-in voltage, V.
Besides, the effects of initial stress on the natural
frequencies and dynamic stabilities of the rotating ring
will also be discussed.

Due to the geometrical periodicity, one can
assume the deflection function of the rotating ring to
be
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u, (Q,t) — Aqei(néuwnt) . (25)

Substituting it into equation (24) yields the frequency
equation,

2
, 40 n’(n°-1)° p
@y 7 1 @, — n? 41 ha*
(n"+1) (n"+1) pha (26)
2 2 2 2 2
n &V +n(3—n)Q 0.

TP +1) phg® | (2 +1)

There are two natural frequencies, @, and @, ,
for each wave number n,

2nQ
wnl = 2
(n*+1) @7)
~ n* (n? —1)2 D n & nP(n-17
(n®+1) pha* (n*+1) phg® (n*+1)°
2nQ
Wy =7
(n*+1) (28)
. n? (n2 1) D o & (-1,
(n*+1) pha* (n*+1) phg® (n*+1)°

It is obvious that only one natural frequency for each
wave number, n, if Q=0. Therefore, the rotation
effect will make the natural frequency for each wave
number splitting into two different frequencies. This is
due to the Coriolis acceleration. For the flexural modes
(n>2), equations (27) and (28) can be expressed as

(R

(241 "

n?(n®-1)°
(n* +1)°

G M 5zl
o, (°+1)

for k = 1, 2, wherein Q, is the dimensionless

0 (29)

rotational speed, V, is the dimensionless voltage,
and w,, is the natural frequencies of the case of Q =
O0andV =0,

o]

n*+1
n(n* -1)

(a)
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Q =

n

Q’\Z]:«/EVZ/(phga)ya) ) nz(nzfl)z D (30)

oy, oy, "\ (n*+1) pha’

To avoid confusion, it should be mentioned here
that the dimensionless voltage, V_, is different from
the one, V,, defined by equation (6) for the case of
static equilibrium mentioned in Section 2. V,

depends on the waver number n, while V, doesn’t.
Their relationship is:

V, _a [12(n*+1)
Vo h nz(nz—l)2

To ensure the two natural frequencies given by
equation (29) for each wave number n are real

numbers, Q_  and V., have to satisfy the following
equation:

(31)

Vi o,
(n*+1)/n*  1/n*)(n* +1)?/(n ~1)°

otherwise, the natural frequencies are a pair of
complex conjugate, namely the form of a—jf and a+jg,
wherein the latter renders the vibration amplitude
decaying with time and the former makes it diverging
with time, namely unstable. Fig. 3(a) shows the
schematic diagram of equation (32). Between the
stable and unstable regions is a quarter hyperbola
curve named as the “critical curve” by the authors. The

stability of the rotating ring is determined by Q_ and
V. ; it was critical stable if Q_  and V, fell on the

n
critical curve; stable if fell in the upper-left side of the
critical curve; and unstable if fell in the lower-right
side of the critical curve. In the stable region, there are
two distinct real-number natural frequencies for each
wave number n, while on the critical curve are two
identical real-number natural frequencies for each
wave number. The critical curve will approach to the

<1, (32)

o]

v,
(b)

Fig. 3. (a) The schematic diagram of the dynamic stability of the rotating ring subjected to uniform electric field.

(b) The critical curves for the first three flexural modes.
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asymptote with the slope of +/n? +1/(n2 —-1). The
vibration of the rotating ring is stable when

V, <+/n? +1/n. The most interesting is that once the
value of the dimensionless voltage enters the unstable

region, namely V, >+/n? +1/n , one can further
raises the rotational speed higher than the critical curve
to escape the unstable region. As mentioned in the
section of DYNAMIC MODELS, the electric field
introduces an equivalent negative stiffness,
—&V?/g®, into the rotating ring and thereby make it
softer and more unstable. However, the initial stress ,
pa’Q?, induced by centrifugal force is proportional
to the square of the rotational speed and thereby make
the rotating ring more rigid. This is why raising the
rotational speed will change the vibration of the
rotating ring from unstable to stable. Fig. 3(b) shows
the critical curves of the first three flexural modes.

To get intuitive feeling of the effect of electric
field on the natural frequencies, let Q =0 in
equation (29), namely the case of non-rotating ring.
Fig. 4(a) shows that the absolute values of the

(@)

1-
(n*+1) "

dimensionless frequency, , are functions of

Dy /wfn

the dimensionless voltage, V. , and which are

concave-down parabola. Therefore, the electric field
decreases the natural frequency due to its equivalent
negative stiffness. Now, look at Fig. 4(b), the
schematic diagram of the absolute values of the

dimensionless  frequency, |@, /@;| , given by

equation (29). Two natural frequencies exit for each
wave number, n, if Q =0 . The lower frequency

corresponds to the forward traveling mode and the
higher one to the backward traveling mode. The

introduction of electric field, V. =0 , will

simultaneously reduce the natural frequencies of the
forward and backward traveling modes due to its
equivalent negative stiffness. The traveling modes will
be discussed in the following section. Fig. 5 shows the
natural frequencies of the first three flexural modes for
the rotating ring under uniform electric field.

NATURAL MODES

1.0

0.0

(b)

Fig. 4. The effects of electric field and rotational speed on the natural frequency of a rotating ring subjected to
uniform electric field; (a) the natural frequencies of a non-rotating ring (© = 0) subjected to uniform electric
field; (b) the schematic diagram of the natural frequencies of a rotating ring subjected to uniform electrical field.

g, g,
0.0
00 05 1.0 15 20
Q, Q, Q,
@ (b) (©

Fig. 5. The natural frequencies, given by equation (29), of a rotating ring subjected to uniform electric field. (a)
the first flexural mode, n = 2; (b) the second flexural mode, n = 3; (c) the third flexural mode, n = 4.
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This section details the derivation of the natural
modes of the rotating ring under a uniform electric
field. The natural modes are usually not functions of
time. However, the modes defined in the following
text are functions of time. Such time-dependent modes
were named as the traveling modes by Huang (Huang,
1987). The traveling modes travel either in the same or
opposite directions of the rotating ring when observe
at an absolute coordinate system.

Natural Modes

To observe the natural modes at the absolute
coordinate system, transform equation (25) into the
absolute coordinate system by the relation of
w=0+Qt:

Uy, (v,t) = A]kejﬂlu/*(ﬂ*wnk/ﬂ)t] ’ (33)

for k = 1, 2. The modes defined in equation (33) are
functions of time. Such time-dependent modes were
named as traveling modes by Huang (Huang, 1987).
The traveling modes travel either in the same or
opposite directions of the rotating ring to an observer
at absolute coordinate system. To explain the
velocities of the traveling modes, the authors set
A, =1 and take the real part of equation (33),

cosnfy — (Q—a, /nt]. (34)

Set to its maximum value, 1, to see at what velocity the
antinodes of modes travel:

cosnfy — (Q-a, /nt]=1. (35)
This gives
Vinax = 2Mz/n+(Q -y /n)t, (36)

wherem=0, 1, 2, 3, ... etc. Therefore, with respect to
the absolute coordinate system, the modes travel at the
velocities of

Vinax1 = @:(nz =
max
n (n2 +1) (37)
2(2 1\
1[N (n —l) D n2 &2 n?(n?-1?2
+ﬁ 2 4 2 3 2 2
(n“+1) pha® (n°“+1) phg (n°+1)
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@ny _ (nz 71)
n o (n2+1) (38)
1J”209—4f D 2
n\ (n?+1) pha* (n?+1) phg®

For the flexural modes (n > 2), equations (37) and (38)
can be expressed as (for k = 1, 2)

Va2 =Q -

n’(n*-17° .,
(n? +1)?

‘/)maxk — (n2 _1) ﬁ
on (% +1)

2
+1 2n V2 +
n (n*+1)

There are three possibilities of the velocities of
traveling modes, i.e. stationary (., =0), traveling

in the same direction but lag behind the rotating ring
(¥max > 0), and traveling in the direction opposite to

the rotating ring (1« <0). Table 1 summarizes the

three possibilities and the corresponding criteria. The
modes became stationary if the voltage satisfied
equation (40). This means that the modes do not rotate
but appear as a stationary deflection of the ring to an
observer at the absolute coordinate system. The
corresponding stationary modes are simply cosine
functions, cos(ny). Fig. 6 illustrates the first three
stationary flexural modes of the rotating ring. If the
voltage satisfied equation (41), then the traveling
velocities of modes were positive and the modes travel
in the same direction of the rotating ring. If the voltage
satisfied equation (42), then the traveling velocities of
modes were negative and the modes travel in the
direction opposite to the rotating ring. The following
text will deal with the case of the voltage lies in the

dynamic stable region, namely \7,1 <n? +1/n , SO

that the cases satisfying equations (40) and (41) will
not occur.

For Q-w,/n#0 , there are two traveling

n

(39)

n*(n’ -1)° 5>
(n?+12 ="

Table 1. The characteristics and physical meanings of the velocities of traveling modes.

Signs of the traveling
speeds of modes

Physical meanings

Criteria

Vinax = Q= @, /=0 Stationary modes.

l/'/max :Q_wnk/n>0

.maX:Q_a)‘n n<0
v o/ the rotating ring.

The modes travel in the same direction of the
rotating ring but lag behind it.
The modes travel in the direction opposite to

V=’ +1/n (1)
Vo> +1/n (2

V, <\n’+1/n = (3)
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n=2 n=3

(@)

n=4
(c)

Fig. 6. The stationary modes given by the mode shape function, cos(ny), when ¥, satisfy equation (40).

Fig. 7. The schematic diagram of the traveling velocities of modes, given by equation (39), of the forward (upper
branches) and backward (lower branches) traveling modes.

modes for each wave number n:
COSN(Y — Wmaxal) s COSN(Y —yWmacot)  (43)

where the velocities of the two traveling modes are
given by equation (39). Fig. 7 shows the schematic
diagram of the dimensionless traveling velocity of
modes, y)maxk/a)m , when the voltage lies in the

stable region (\7n <n? +1/n ). The dashed curves
illustrate the case of V, =0 while the solid curves

illustrate the case of V,, = 0. The upper branches are

forward traveling modes while the lower ones are
backward traveling modes. Both the electric field and
ring’s rotational speeds affect the velocities of the
traveling modes. The electric field simultaneously
reduces the speeds of the forward and backward
traveling modes. The rotation effect makes the speeds
of the forward and backward traveling modes different.
The rotational speed of the ring raises the speed of the
forward traveling mode while lower that of the
backward traveling mode. Fig. 8 shows the traveling

1.5
1.0
Y maxk 05
Dy ;
0.0
-0.5
00 05 10 15 20
Q,
(@)

Q, Q
(b) (©
Fig. 8. The traveling velocities of modes, given by equation (39), of the forward (upper branches) and backward
(lower branches) traveling modes in the stable region, V, < \n? +1/n ; (@) the first flexural mode, n = 2; (b).
the second flexural mode, n = 3; (c) the third flexural mode, n = 4.
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l/./maxlt = 0

l/./maxlt =

l/]maxlt = 7[/3

l/}maxlt = 4”/3

l/]maxl = 27[/3

l/./maxl = 57[/3

Fig. 9. The traveling modes of n = 2 at various instance of time viewed at an absolute coordinate system, the blue
curve is the forward traveling mode, traveling in counterclockwise, while the red one is the backward traveling

mode, traveling in clockwise.

l/./maxlt = 0

l/)maxlt =7
Fig. 10. The traveling modes of n = 3 at various instance of time viewed at an absolute coordinate system, the
blue curve is the forward traveling mode, traveling in counterclockwise, while the red one is the backward
traveling mode, traveling in clockwise.

speeds of the first three flexural modes in the stable

region, V, <+/n? +1/n . Figures 9 and 10 show the

traveling modes of the wave numbers n = 2 and 3
respectively, the forward and backward traveling
modes travel in opposite directions. The forward
traveling modes travel in counterclockwise while the
backward ones in clockwise.

CONCLUSIONS

This paper derives an analytical model, which
considers the initial stress induced by the rotational
centrifugal force, for a rotating ring subjected to the
uniform electric field along the radial direction. The
static and dynamic stabilities of stationary and rotating
rings subjected to uniform electric field are

l/./maxlt = ”/3

[ 4r/3

l/)maxlt = 57[/3

investigated. In addition to the effects of rotation and
electric field, the effect of initial stress induced by
rotational centrifugal force on the vibration of a
rotating ring are discussed. The present analytical
model can be reduced to a simply rotating ring model
by setting the voltage to be zero. It can also be further
reduced to a simply non-rotating ring model by setting
both the voltage and rotational speed to zero. Based on
the results of the present analytical model, some
conclusions are proposed in the following.

For the static equilibrium problem of a stationary
ring under uniform electric field, the authors derive a
non-linear and a linearized model of the electric field.
According to the non-linear electric field model, the
dimensionless pull-in voltage of the stationary ring is

\/8/27 and the corresponding dimensionless pull-in
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deflection is 1/3. The linearized electric field model
agrees very well with the non-linear one before pull-
in, whose relative deviation less than 5% before pull-
in. Therefore, the linearized electric field model is
adopted in the vibration analysis of a rotating ring
subjected to uniform electric field at the voltage that is
lower than the static pull-in voltage.

For the vibration of a rotating ring subjected to
uniform electric field, the electric field causes an
equivalent negative stiffness that is proportional to the
square of the voltage. The equivalent negative stiffhess
will soften the rotating ring and thereby probably make
the rotating ring unstable. The rotation effect makes
the natural frequencies of the forward and backward
traveling modes for each wave number different.
Furthermore, the rotation will induce an initial stress
due to the centrifugal force, which is proportional to
the square of the rotational speed. Therefore, the
stability of a rotating ring subjected to uniform electric
field is determined by rotational speed and voltage.
Once the voltage enters the unstable region, one can
further raise the rotational speed higher than the
critical speed to escape the stable region. This is due
to that the initial stress induced by centrifugal force is
proportional to the square of the rotational speed.
According to the comparison of the present analytical
model with the one ignoring the initial stress induced
by rotational centrifugal force, the present model is
more accurate for the modeling consideration while
the model ignoring the initial stress is a relative safe
one for the engineering design consideration.
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